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Abstract

Emerging applications such as remote estimation and control in industrial automation,
cyber-physical systems (CPS), and Internet of Things (IoT) are enabled by next genera-
tion wireless networks. In such networks, spatially distributed source nodes observe and
sample physical processes which contain the desired information for such applications.
The samples are packetized and transmitted to destination nodes. In many scenarios, due
to transmission energy or deployment constraints, the sources are not able to transmit the
packets directly to destination nodes. Rather the updates are forwarded through intermedi-
ate relay nodes before reaching a gateway or a destination resulting in multi-hop transmis-
sion. Such applications require freshness of source information at destination nodes rather
than high throughput or low latency. Although, information freshness and its optimiza-
tion has been extensively studied in single-hop settings, there has been limited study of
information freshness for multi-hop wireless networks with interference and packet losses.
Therefore, designing source sampling and multi-hop transmission policies to ensure in-
formation freshness in the presence of interference, packet losses, and multi-hop routing
constraints is a fundamental network design challenge which we address in this thesis.
Information freshness is quantified using metrics such as Age of Information (Aol)
and Age of Incorrect Information (Aoll). Aol measures the timeliness of information by
quantifying the time elapsed since the generation of the most recently received update,
whereas Aoll additionally captures the correctness of the receiver’s estimate of the under-
lying process state. Aoll is particularly relevant for remote monitoring and control applica-
tions, where incorrect information can lead to degraded system performance or erroneous
decisions. The network model considered for formulating the policy design problem is
motivated by practical industrial communication standards such as IEEE 802.15.4e Time-
Slotted Channel Hopping (TSCH). A time slotted centrally scheduled multi-hop wireless
network model is considered for Aol or Aoll optimization. Interference in link transmis-
sions is modelled using K -hop or general graph based interference models. Packet losses
are modelled as being random across different links. This thesis develops analytically mo-
tivated scheduling algorithms for minimizing the average Aol (AAol) and average Aoll
(AAoll) in such networks. The developed scheduling algorithms use limited information

about the network available from packets received at the central scheduler node.
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The thesis first addresses AAol minimization in multi-hop networks with interference
and unreliable links for centralized schedulers. A centralized scheduler is required to deter-
mine source sampling and link activation times using limited information about the current
state of the network which is available at the scheduler. A direct Markov decision pro-
cess (MDP) formulation for obtaining scheduling policies is shown to be computationally
intractable due to the large state space. To overcome this challenge, the problem is re-
formulated as a Restless Multi-Armed Bandit (RMAB) under a restriction on the policy
structure used for deriving priority indices. This novel reformulation enables the deriva-
tion of analytically characterized priority indices, leading to low-complexity index-based
sampling and link scheduling policies. Simulation results demonstrate substantial perfor-
mance improvements over existing Aol-aware policies, particularly in large networks and
under unreliable communication links. The focus is then extended to Aoll minimization in
multi-hop networks, where again the centralized scheduler has access to limited informa-
tion. The resulting problem is modeled as a partially observable Markov decision process
(POMDP). By developing tractable RMAB approximations and establishing indexability
properties, novel Whittle index-based policies are derived for Aoll minimization. In sim-
ulations, these policies are observed to achieve significant AAoll reductions across a wide

range of network topologies and interference scenarios.

Motivated by the deterministic communication requirements of industrial wireless net-
works, the thesis further investigates periodic deterministic sampling and scheduling poli-
cies for information freshness optimization in multi-hop networks. A periodic policy does
not require global information about the network and thus is amenable for practical imple-
mentation. For any periodic policy with a given period, an explicit analytical characteri-
zation of AAol is obtained as a function of the period and source-to-sink delivery delays.
We then formulate an integer programming problem to obtain the optimal period and de-
livery delays for minimizing the AAol objective, subject to constraints, e.g. interference
constraints on link activations. The integer program is relaxed to a linear program to obtain
numerical lower bounds. In addition, analytical lower bounds on AAol are derived for tree
networks with K-hop interference constraints. The resulting periodic policies are shown to
achieve near-optimal performance by comparison with lower bound as well as the solution
of the integer programming problem for small networks. We then consider Aoll, for which
an analytical characterization of AAoll under periodic deterministic policies is developed
in terms of the policy period and packet delivery delays. This characterization enables the
derivation of fundamental lower bounds on AAolI for any periodic deterministic policy, to-

gether with analytical upper bounds based on deterministic scheduling strategies. Numeri-



cal results demonstrate the near-optimality of the proposed policies and show that periodic
deterministic scheduling can outperform non-periodic policies under complete interference
and K -hop interference model.

Overall, this thesis develops sampling and scheduling algorithms for optimizing in-
formation freshness in multi-hop wireless systems. This work advances the design of
multi-hop networks for reliable and timely remote estimation, thereby ensuring information

freshness in next-generation industrial and cyber-physical systems.
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Chapter 1

Introduction

Smart cities, automated agriculture, industrial process and control, cyber-physical systems,
and Internet of Things rely on wireless communication networks to obtain fresh status
updates for accurate remote estimation, monitoring, and control [1]. In these networks,
spatially distributed sensors observe physical processes and generate packetized status up-
dates. Due to transmission power limitations, coverage requirements, and the large geo-
graphical areas encountered in industrial deployments, these updates often cannot be de-
livered directly to a sink node. Instead, they are forwarded through intermediate relay
nodes, resulting in a multi-hop wireless network. For the example applications discussed,
it is not sufficient merely to receive data packets; the received information must also be
sufficiently fresh to accurately represent the current state of the monitored processes. In-
formation freshness characterizes the timeliness and accuracy of the information available
at the receiver and depends on update delivery delays and rate of delivery of successful
packet receptions. Traditional communication metrics such as throughput and delay are
inadequate for quantifying the freshness of information available at the sink. Designing
communication networks for ensuring information freshness is therefore a fundamental
challenge, particularly in the presence of wireless interference and packet losses. Although
information freshness has been studied extensively in single-hop scenarios, its study for
multi-hop network scenarios remains limited. This thesis aims to fill this gap by consider-
ing the design of sampling and scheduling policies for multi-hop networks in the presence
of interference and noise.

This thesis focuses on two information freshness metrics: Aol [2] and Aoll [3]. Aol
measures the time elapsed since the generation of the most recently received update and
provides a direct measure of information timeliness. However, Aol does not account for
whether the received information accurately reflects the current state of the underlying pro-

cess. Aoll extends Aol by incorporating estimation correctness and quantifies the mismatch



between the actual process state and its estimate at the receiver. This metric is particularly
relevant for remote monitoring and control applications, where incorrect information may

lead to degraded system performance or erroneous control actions.

The network models that we consider are motivated by industrial wireless communica-
tion standards such as IEEE 802.15.4e TSCH [4] and WirelessHART [5], which employ
time-slotted communication and centralized network management. In these systems, a cen-
tralized controller determines the sampling times of source nodes and the activation sched-
ules of wireless links using available network information. Furthermore, the network is
subject to unreliable wireless links and interference constraints. This thesis investigates the
design of centralized sampling and scheduling policies for optimizing information fresh-
ness in time-slotted multi-hop wireless network models with a tree topology. Interference
is modelled using graph-based interference models, including complete interference and
K-hop interference models. Link reliability is modelled as being random. The objective
is to develop analytically motivated centralized sampling and scheduling policies for such
models. The policies are also designed to work with limited information about the network
which is available at the scheduler through received packets, rather than relying on global

information about network and packets within the network.

In this thesis, both periodic and non-periodic scheduling policy design is considered
to overcome the challenges associated with optimization information freshness. First, the
average Aol minimization problem is investigated under interference constraints and unre-
liable wireless links. A direct formulation of the policy design problem for Aol minimiza-
tion leads to a Markov decision process (MDP). To overcome the computational complexity
of solving this MDP, the problem is reformulated as a RMAB, leading to low-complexity
index-based scheduling policies. Subsequently, the focus is extended to Aoll, where the
centralized controller has only partial knowledge of the network state. This problem is
modeled using a POMDP, and tractable RMAB approximations are developed to derive
practical scheduling policies. Motivated by the deterministic communication requirements
of industrial wireless networks, the thesis further investigates periodic deterministic sam-
pling and scheduling policies for both Aol and Aoll optimization. Analytical performance
characterizations, lower bounds, and near-optimal scheduling algorithms are developed for
these settings. Together, these contributions provide a comprehensive framework for opti-

mizing information freshness in multi-hop wireless networks.
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1.1 Background

1.1.1 Information Freshness

Age of Information (Aol): The exchange of fresh information over multi-hop wireless
networks is becoming increasingly important with the rise of ad hoc wireless systems such
as the IoT [6], vehicular networks [7], and networks of unmanned aerial vehicles [8]. Tra-
ditional network performance metrics, such as delay or throughput, quantify the efficiency
of data transfer but do not directly capture the freshness or correctness of information at
the receiver [9]. For the scenarios discussed above, it is often more important to know how
up-to-date the information is. Aol is a metric used to measure how up-to-date the informa-
tion at a receiver is [10], [11]. Aol increases linearly when no update is received. When a
new update is received, the Aol reduces to the time that has passed since that update was
generated, and then increases linearly until the next update arrives. An illustration of this
evolution is shown in Figure 1.1. Suppose ¢ denotes time (we consider discrete time sys-
tems in this thesis, so that ¢t € Z, = {0,1,2,...}). Attime ¢t > ¢,, an update packet with
timestamp ¢, (the packet generation time) has age ¢t — t,,. Let ¢,(¢) denote the timestamp of
the most recent update received by the destination at time ¢; then the age of information is

defined as the stochastic process
A(t) =t —t,4(1). (1.1)

Age of Incorrect Information (Aoll): Although Aol captures timeliness, it does not di-
rectly measure whether the receiver’s estimate reflects the true state of the source. In partic-
ular, minimizing Aol does not necessarily minimize estimation error for Markovian sources
[12]. To address this limitation, alternative metrics such as Age of Synchronization (AoS)
[13] and effective age [14] have been proposed. However, these approaches fail to capture
the information structure of the source and the current estimate at the receiver, which is
essential for remote estimation applications. To address this, a new metric Aoll was intro-
duced in [3], which measures the freshness of information while accounting for the content
acquired from the transmitter. Aoll is a semantic metric that reflects the correctness of
the transmitted information beyond traditional performance measures such as delay and
throughput [15].

For defining Aoll, the source process of a source s is modeled as a stochastic process

X?*(t), and the transmitter sends status updates to the receiver to keep it informed of the



packet generation

¢ packet delivered

Age

g d
t2 - t2
g d
t7 — 14

g d
t3—t3

Figure 1.1: Illustration of Aol evolution. Packet generation times are indicated by green
upward arrows, and packet deliveries to the destination are shown by red downward arrows.
When the first packet is received, the Aol drops to t¢ — ¢, where t{ and t{ denote the
generation and delivery times of packet 1, respectively. Similar transitions are shown for
packets 2 and 3, with Aol drops of tJ — t§ and ¢4 — #{.

current state of source s is X*(¢). Due to transmission rate constraints, the transmitter
may remain idle at times, i.e., it does not transmit updates continuously. While idle, the
monitor retains the last received state, which may differ from the current state of the process
X(t). This retained value is denoted as the estimated state X*(¢) at the monitor. When
X 5(t) # X*(t), the monitor is in an undesirable state, which incurs a penalty. Aoll metric

[3] quantifies this penalty.

For instance, we model each source as a piecewise constant process [16], where the state
of the monitored process at time ¢ for source s is denoted by X*(¢) € R. The evolution of
X*(t) is defined as follows. At the beginning of time slot ¢, with probability p?, the process
transitions to a new state sampled independently from a probability density function f3 (z)
(e.g., a uniform distribution U (—my, my), with m, > 0); otherwise, with probability ¢5 =
1 — p?, the process remains in its current state. Mathematically, the process evolution is

given by:

X5(t), w.p. ¢2,

X5(t+1) =
~ fx(x), wp. pe.

At time slot ¢, if the scheduler selects source s, the source node samples the process

X*(t) and generates a packet containing the value X*(¢). This packet is then forwarded
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Process
Value

Aoll

Figure 1.2: (a) Illustration of the evolution of the source process X*(¢) and its estimate
X *(t) over time slots. (b) Illustration of Aoll evolution. The source process is denoted
by X*(t), and its estimate at the sink is denoted by X*(¢). Aoll increases only when
X*(t) # X*(t) and resets to zero when X*(t) = X*(t).

through intermediate nodes to the destination over the multi-hop network for remote esti-
mation. The remote estimate of X *(t) at the destination node 0 is denoted by X*(t). If
X5(t) = X*(t), the Aoll is 0; otherwise, it increases linearly. An illustration of Aoll evo-
lution is shown in Figure 1.2. Aoll is therefore the time that has elapsed since the slot in
which the process and the remote estimate were equal. Thus Aoll [3], explicitly accounts
for both freshness and correctness, which makes Aoll particularly suitable for remote esti-

mation and monitoring applications.

1.1.2 Multi-hop Wireless Sensor Networks

A multi-hop wireless sensor network consists of multiple sensor nodes that communicate
with a central controller or sink node through one or more intermediate nodes, rather than
via direct single-hop links. In industrial scenarios, such networks are often deployed to
monitor critical processes, equipment, and environmental conditions [17, 18, 19]. Multi-
hop communication extends the coverage range and improves energy efficiency by limiting
transmissions to nearby neighboring nodes [20, 21]. Each source forwards its data to an in-
termediate node, which relays the packet toward the sink. Tree topologies and line networks

are common examples. This communication pattern is often referred to as convergecast,
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where information from multiple sources is aggregated and delivered to a common destina-
tion. For instance, in intelligent transportation systems [22, 23], vehicles share information
about traffic congestion and road conditions to avoid collisions and reduce congestion.

Multi-hop networks provide several important advantages:

1. Energy efficiency: Nodes transmit over shorter distances, reducing transmission

power requirements.

2. Scalability: The network can support a larger number of nodes distributed over wide

geographic areas.

3. Coverage: Nodes beyond the direct communication range of the sink can participate

through intermediate relays.

Despite these advantages, multi-hop networks introduce additional challenges. Packets
must traverse multiple hops, which increases end-to-end delay. Scheduling and interference
management also become more complex. Consequently, designing scheduling policies and
analyzing multi-hop networks with the goal of optimizing freshness metrics such as Aol
and Aoll is a challenging but important task. The literature on Aol and Aoll optimization
for scheduling in multi-hop networks has received relatively limited attention, which is the

focus of this thesis.

1.1.3 Industrial IoT Networks: Modelling Assumptions

Industrial Internet of Things (IloT) is expected to significantly increase productivity and
enable new applications. Wireless connectivity is a crucial component of IIoT networks.
Although there exist wireless sensor networks, they are typically designed for requirements
different from those of industrial systems. This has generated significant research interest
in developing wireless communication systems that can match the performance of indus-
trial wired networks, particularly in terms of reliability, deterministic latency, and IP inter-
operability. Efforts to address these challenges have been undertaken by standardization
bodies such as the Internet Engineering Task Force (IETF). In particular, the Determinis-
tic Networking (DetNet) working group was formed with the primary goal of supporting
high reliability in packet delivery and providing deterministic worst-case bounds on latency
[24], [25]. The IEEE 802.15 working group, established in 2003, developed technologies
such as ZigBee [26] and WirelessHART [5]. IEEE 802.15.4 defined the physical and data
link layers of the protocol stack, supporting low-rate, low-energy communications. How-
ever, it lacked the determinism and reliability required for industrial applications, which

6



demand high reliability, robustness, low latency, and scalability. To address this, IEEE
802.15.4e was introduced in 2012 as an amendment to enhance the MAC layer and meet
industrial requirements [27], [28]. A key feature of the IEEE 802.15.4e amendment is the
introduction of Time Slotted Channel Hopping (TSCH) communication, which effectively
mitigates multi-path fading and interference on a given frequency. While the standard
specifies TSCH operation, the design of TSCH schedules is left open, as it depends on
application requirements and network topology.

In practical industrial wireless networks, communication is often organized in a time-
slotted manner with centrally coordinated scheduling. Time-slotted deterministic schedul-
ing is particularly relevant in such networks due to strict requirements on reliability, la-
tency, jitter, and power [27], [28]. Deterministic scheduling is supported by industrial
standards such as WirelessHART [5], ISA100.11a [29], and IEEE 802.15.4e TSCH [4].
TSCH, widely adopted in industrial and low-power wireless sensor networks [30], em-
ploys deterministic slot-based schedules and channel hopping to enhance reliability and
mitigate interference. Moreover, it implements periodic scheduling policies with a period
called a slotframe [4], which is a contiguous set of slots that repeats over time.

In this thesis, we consider time-slotted multi-hop networks, motivated by [4], in which
a centralized controller at the sink node determines sampling and transmission decisions
subject to interference constraints. This structure reflects real-world deployments and en-
ables the systematic design of optimized scheduling policies to minimize Aol and Aoll.
The main assumptions considered in this thesis are as follows. The network is modeled
as a directed tree network. We consider a convergecast communication setting, in which
the sink node collects information packets from all source nodes in the network. Time
evolves in discrete slots, indexed by positive integers. Each generated packet contains the
monitored process value (or the state corresponding to the source) along with a timestamp
indicating its generation time. Transmissions over the links are assumed to occur on the
same communication channel, which is equipped with a single half-duplex radio interface.
We further assume that packet transmission over each link is successful with probability p;.
Additional assumptions specific to each problem setting are presented in the corresponding

chapters.

1.2 Literature Survey

Aol is a metric used to quantify the freshness of information available at a receiver [10, 11].

Unlike packet delay, Aol measures the staleness of the received information. This makes

7



it particularly suitable for applications that require timely status updates. Over the past
decade, there has been a rapidly growing body of work analyzing Aol in queuing systems
[10, 11, 31, 32]. Aol has been extensively studied in scheduling problems for single-hop
networks due to their analytical tractability [33, 34]. Related research has also considered
modeling and optimizing the freshness of query responses from data warehouses [35], de-
signing network architectures to limit cache staleness [36], and implementing distributed
QoS routing using aged or imprecise network state information [37]. In a single-hop set-
ting, each source communicates directly with the sink, and typically only one node trans-
mits in a given time slot to avoid interference [38], [39], [40], [41]. Prior work [42]
considered stationary randomized policies for minimizing the average Aol in multi-hop
networks with multiple source-destination pairs under general interference conditions, as-
suming transmissions occur over interference-free multi-hop links. In [43], the problem of
minimizing the age of a single flow over interference-free multi-hop networks was studied.
A ring topology is considered in [44], where all nodes act as both sources of update pack-
ets and remote estimators, and lower bounds on the peak and average Aol are obtained.
A two-hop energy harvesting network, aiming to minimize Aol with fixed transmission
delays, is considered in [45]. Liu et al. [46] addressed the problem of minimizing Aol
while satisfying throughput requirements. Farazi et al. [47] investigated Aol minimization
in a wireless network using a minimum connected dominating set (MCDS) for all-to-all
broadcast flows, considering multiple sources, multi-hop communication, and time-slotted
scheduling. Bastopcu [48] characterized the average freshness in a two-hop caching model
as a function of content and cache update rates, while age-optimal cache update policies for
two-hop networks were explored in [49]. In status update systems, besides Aol, other per-
formance metrics of information freshness include Aoll [3], Version Aol (VAol) [50], and
Age of Actuation (AoA) [51], with each metric capturing different aspects of timeliness

and the significance of the information.

Although Aol captures timeliness, it does not directly measure whether the receiver’s
estimate accurately reflects the true state of the source. In particular, minimizing Aol does
not necessarily minimize estimation error for Markovian sources [12]. To address this lim-
itation, alternative metrics such as Age of Synchronization (AoS) [13] and effective age
[14] have been proposed. However, these approaches do not fully capture the informa-
tion structure of the source and the current estimate at the receiver, which are essential in
remote estimation applications. To address this issue, the Aoll metric was introduced in
[3], which measures information freshness while accounting for the correctness of the in-

formation available at the receiver. Aoll is a semantic metric that reflects the correctness



of the transmitted information beyond traditional performance measures such as delay and
throughput [15]. Prior work on Aoll in single-hop point-to-point networks has explored
various scheduling scenarios. In [52], [53], optimal scheduling policies were developed to
minimize Aoll in the remote estimation of symmetric binary Markov sources over links
with fixed delay. The work in [54] extended this to unknown Markov source models, de-
signing scheduling policies to minimize Aoll without full source knowledge. A point-to-
point link with random delay was studied in [55], where scheduling policies were again
aimed at minimizing Aoll. Finally, [56] considered the problem of minimizing the aver-
age Aoll (AAoll) under power constraints, highlighting the impact of energy limitations
on scheduling design. Let us now briefly review some prior work on Aoll in single-hop
networks. In [57], a decentralized policy was designed to minimize AAoll in a slotted
ALOHA network. Aoll was characterized for a slotted ALOHA scenario without feed-
back, where the source processes are modeled as two-state Markov chains, in [58]. The
work in [59] considered the design of a distributed CSMA protocol that minimizes Aol in a
single-hop network and extended it to the Aoll metric for source processes modeled as in-
dependent symmetric two-state Markov chains. Finally, [60] studied real-time tracking of
a partially observable Markov source in an energy-harvesting system with communication

constraints in a single-hop network.

Distributed scheduling for Aol minimization in single-hop networks, utilizing distributed
convex optimization and CSMA-based protocols, is studied in [61], [5S9]. Reinforcement
learning (RL)-based approaches for minimizing Aol and generalized freshness in single-
hop networks have been studied in [62]. However, RL-based approaches for multi-hop net-
works remain largely unexplored. In [9], the authors study Aol minimization in multi-hop
networks and consider three scheduling policies: stationary randomized, Age-Difference,
and Age-Debt. AAol minimization using RMAB formulations has been studied for single-
hop networks in [63], [64], [65], and for single-hop broadcast networks in [66]. However,
this approach has not been explored for multi-hop networks. To the best of our knowledge,

there is no prior work on Aoll minimization in multi-hop networks.

Recent studies have also extended information-freshness optimization beyond the con-
ventional assumption that the performance penalty is a monotonically non-decreasing func-
tion of Aol. Shisher et al. showed that, in real-time supervised learning, inference er-
ror can be a non-monotonic function of Aol and developed Gittins- and Whittle-index-
based scheduling policies for minimizing general Aol-dependent inference errors, includ-
ing non-monotonic functions [67]. Similarly, Ari et al. considered goal-oriented remote

inference with two-way delay and memory and developed an index-based threshold pol-
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icy that accommodates both monotonic and non-monotonic age-dependent inference-error

functions [68]. Related generalized age penalties have also been studied through Aoll,

which captures application-dependent aging characteristics and has motivated Whittle-

index-based scheduling approaches [69]. In addition, Salimnejad et al. investigated age-

dependent performance in a two-user multiple-access setting, further illustrating the need

to consider generalized age-related performance measures in communication systems [70].

Table 1.1 provides a summary of the problems addressed in each chapter, highlighting

their problem settings, nature, performance metrics, and information requirements.

Table 1.1: Summary and comparison of the information-freshness studies presented in this

thesis.
Topology & | Interference Link Information L.
Periodic
Metric Model Losses Required
Chapter 2 | Aol Complete Yes Network topology, No
(Multi-hop interference / activation sets, link
Tree) K-hop success probabilities,
interference received packet
contents, and past link
activations
Chapter 3 | Aoll Complete Yes* Network topology, No
(Multi-hop interference / activation sets,
Tree) K-hop source-state change
interference probabilities, Aoll
estimate, and Aol of
each source at the
central node
Chapter 4 | Aol Complete Yes Tree topology, hop Yes
(Multi-hop interference / distances, interference
Tree) K-hop constraints,
interference packet/buffer status,

node states, and

scheduling history

Continued on next page

10




delivery delay

Topology & | Interference Link Information Policy
Metric Model Losses Required Nature
Chapter 5 | Aoll Complete Yes* Topology, interference Yes
(Multi-hop interference / constraints, period,
Tree) K-hop source-state
interference dynamics, and

* Link losses are discussed as an extension in these chapters.

1.3 Thesis Objectives, Outline, and Contributions

1.3.1 Thesis Objectives

To summarize the discussion in the previous section, there is limited amount of work which

considers Aol or Aoll and its optimization for multihop networks. Furthermore, policies

which are available often require global state information, such as Aol of sources at inter-

mediate nodes and therefore cannot be easily implemented in practical networks. There-

fore, the main objective of this thesis is the design and analysis of centralized sampling and

scheduling policies for minimizing information freshness metrics such as Aol and Aoll in

multi-hop wireless networks under interference and packet losses. We consider two ma-

jor classes of scheduling policies (periodic deterministic and non-periodic) as illustrated in

Figure 1.3.

1. Development of non-periodic centralized scheduling policies: for non-periodic schedul-

ing policies a usual approach is to formulate the problem as a sequential decision

problem (Markov decision process or Partially observable Markov decision pro-

cesses). These formulations are usually intractable in general. In this thesis, one of

our objectives is to investigate alternate formulations that are analytically tractable

and lead to centralized policies that make scheduling decisions on the basis of infor-

mation in received packets.

2. Development of periodic centralized scheduling policies: for deterministic periodic

policies, again a usual approach is to formulate the problem as an integer program-

ming problem. In this thesis, another objective is to obtain low-complexity schedul-

ing policies that have performance close to the optimal solutions obtained from the

integer programming formulations.




Centralized Scheduling

v
v v

Aol Aoll

Periodic Non-Periodic Periodic Non-Periodic

Figure 1.3: Illustration of the thesis research problem on the design of centralized sam-
pling and scheduling policies for minimizing information freshness metrics, such as Aol
and Aoll, in multi-hop wireless networks. The network consists of multiple source nodes
organized in a tree topology and connected to a sink (destination) node through interme-
diate (parent) nodes. Under centralized control, the sink node determines when source
nodes sample monitored processes and generate update packets, which are subsequently
forwarded to the destination through the routing tree. This thesis investigates the design
of centralized sampling and scheduling policies for minimizing Aol and Aoll, considering
both periodic and non-periodic scheduling strategies.

3. Furthermore, we aim to obtain a detailed performance comparison of proposed poli-
cies and policies from prior work. We also aim to derive baseline policies (which may
not be implementable), fundamental analytical characterizations of Aol and Aoll per-
formance for multihop networks, as well as upper and lower bounds on Aol and Aoll

to enable performance analysis and comparison.

1.3.2 Thesis Outline

The main technical contributions of this thesis are organized as outlined below.

Chapters 2 and 3 describe the design of priority-index-based scheduling policies that
minimize information freshness metrics, namely the average Aol and average Aoll, in a
multi-hop sensor network with interference and link losses. The network operates in a con-
vergecast manner, where spatially distributed sensors monitor physical processes, generate
status updates, and forward packetized samples to a sink node over a routing tree. The
sink forms remote estimates of the monitored processes based on the received updates, and
the timeliness of these estimates is quantified using Aol and Aoll for Chapters 2 and 3,
respectively.

For minimizing the average Aol in Chapter 2, a direct formulation of the joint sampling
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and scheduling problem as a Markov Decision Process (MDP) leads to prohibitive com-
putational complexity due to the large state space consisting of the age of every source at
every intermediate node in the network. To obtain a tractable solution, we reformulated
the problem as a Restless Multi-Armed Bandit (RMAB) under a reasonable restriction
that maintain only one packet per source in the network at a time. This reformulation
enables the development of a priority-index-based policy that jointly determines which
sources to sample and which links to activate in each time slot. An approach to obtain-
ing priority indices for RMABs is to compute Whittle indices using optimal policies for
individual MDPs, which consider policies for activation of each restless arm on its own.
However, these optimal policies depend on state information that is not available to a cen-
tralized scheduler at the sink. Using our definition of the index, we show how to obtain a
priority index based on an analytically tractable policy that can be implemented centrally.
The proposed scheduling policy is analytically characterized through a derived priority in-
dex, where each source is assigned a value based on its current Aol, and the source with the
highest index, indicating the greatest need for an update, is selected for transmission. Ex-
tensive simulations are conducted to evaluate the performance under varying network sizes
and link reliability conditions. The results demonstrate that the proposed policy achieves
lower AAol compared to existing multi-hop Aol-aware policies. In particular, the proposed
priority-index-based policy outperforms prior work as the number of sources increases and

link reliability decreases, highlighting its robustness and scalability.

For minimizing the average Aoll in Chapter 3, a direct formulation leads to a partially
observable Markov decision process (POMDP), since the centralized scheduler does not
directly observe the Aoll evolution of the source nodes. This makes a direct formula-
tion of the joint sampling and scheduling problem computationally intractable. To obtain
a tractable solution, we reformulate the problem as an RMAB under a reasonable re-
striction that only one packet per source is maintained in the network at any time. This
reformulation enables the development of a priority-index-based policy that jointly deter-
mines which sources to sample and which links to activate in each time slot. Genie-aided
policies, which assume access to full state information, are introduced as a baseline for per-
formance comparison. The indexability of the resulting RMAB problem is rigorously ana-
lyzed, and novel closed-form expressions for the corresponding Whittle indices are derived.
Motivated by these analytical results, implementable index-based sampling and scheduling
policies are proposed. These policies rely only on information available at the destination
and are therefore suitable for realistic centralized implementations. Extensive simulation

studies are conducted across a variety of network topologies, interference models, and
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link reliability conditions. The results demonstrate that the proposed index-based policies
achieve significant improvements in AAoll compared to heuristic approaches, such as ran-

domized and Aol-based scheduling policies, and perform close to genie-aided policies.

Overall, Chapters 2 and 3 establish a tractable priority-index-based framework for min-
imizing the information freshness metrics Aol and Aoll, respectively, in multi-hop wireless
networks. The proposed approach is designed to operate using only the information avail-

able at the central node, thereby ensuring feasibility for practical implementation.

In Chapters 4 and 5, we develop novel periodic deterministic sampling and schedul-
ing algorithms for minimizing information freshness metrics, namely the average Aol
and Aoll, respectively, in time-slotted multi-hop wireless sensor networks for remote esti-
mation applications. We consider a convergecast communication paradigm over tree net-
work topologies, where sensor nodes periodically sample physical processes and forward
their status updates to a sink over multi-hop wireless links under general K-hop interfer-
ence constraints. The network operates in a time-slotted manner with periodic determinis-
tic scheduling, motivated by time-slotted protocols such as IEEE 802.15.4e TSCH. These
chapters focus on periodic deterministic policies due to their practical relevance in indus-

trial deployments, where predictable and repeatable transmission schedules are preferred.

For Aol problem, remote estimation accuracy at the sink is evaluated using AAol
metric, which quantifies the timeliness of status updates. Focusing on practically imple-
mentable periodic deterministic policies, we derive an explicit analytical characterization
of the AAol as a function of the scheduling period and the source-to-sink hop distances.
This characterization provides structural insight into how network topology and scheduling
periodicity jointly influence information freshness. The AAol minimization problem under
periodic deterministic policies is formulated as an integer programming problem. To obtain
a computationally tractable performance baseline, the integer program is relaxed to a linear
program, yielding numerical lower bounds on the achievable AAol. In addition, novel ana-
lytical lower bounds are derived for tree networks operating under K -hop interference con-
straints, establishing fundamental performance limits for periodic policies. Extensive sim-
ulations demonstrate that the proposed periodic deterministic algorithms achieve AAol val-
ues close to the derived lower bounds for a given period. Furthermore, performance com-
parisons with existing multihop Aol-aware scheduling policies, including Age-Difference
and Age-Debt, show that the proposed methods provide consistently lower AAol across a
wide range of network settings. Finally, the framework is extended to more general Aol-

based performance metrics, illustrating the broader applicability of the proposed policies.

For Aoll problem, the sink forms real-time estimates of all monitored processes based
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on received status updates, and estimation performance is quantified using the AAoll, a
metric that captures both information timeliness and correctness. Unlike classical Aol,
AAOII accounts for the mismatch between the true process state and the remote estimate,
making it particularly suitable for control and monitoring applications in industrial 10T
systems. A novel analytical characterization of AAoll under such policies is developed,
expressed explicitly in terms of the scheduling period and the packet delivery delay asso-
ciated with each sensor node. Leveraging this characterization, we derive a fundamental
analytical lower bound on the achievable AAoll for any periodic deterministic sampling
and scheduling policy in the considered network. To complement the lower bound, an
analytical upper bound on the achievable AAoll is established using a periodic scheduling
policy. For the case of networks with complete interference, simulation results demonstrate
the near-optimality of this policy with respect to AAoll. Furthermore, the performance of
periodic deterministic policies is compared with that of a non-periodic policy through ex-
tensive simulations. The results reveal that periodic policies achieve lower AAoll in differ-
ent instances, highlighting their effectiveness for structured industrial wireless networks.
Overall, Chapters 4 and 5 provide both theoretical performance limits and practically
implementable periodic scheduling policies for minimizing AAol and Aoll in multi-hop

industrial sensor networks under general /K -hop interference constraints.

1.3.3 Thesis Contributions

This thesis contributes to the design and analysis of centralized sampling and schedul-
ing policies for improving information freshness in multi-hop wireless networks. The
work considers practical wireless network settings with interference constraints and packet
losses, and investigates both Aol and Aoll as measures of information freshness. The main

contributions of this thesis are summarized as follows:

1. Developed centralized sampling and scheduling for minimizing Aol and Aoll in
multi-hop wireless networks. For non-periodic scheduling, analytically tractable for-
mulations based on RMAB models, under a restriction that allows at most one packet
per source in the network at any time, were investigated. These formulations led to
priority-index-based scheduling policies that can be implemented using information

available at the sink node.

2. Developed periodic deterministic scheduling policies for minimizing Aol in multi-

hop networks under interference constraints. The scheduling design was formu-
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lated using optimization-based approaches, and efficient policies were proposed that

achieve performance close to optimal solutions.

3. Derived fundamental performance bounds for the information freshness metric Aoll
under periodic scheduling. Analytical lower and upper bounds were established,
which can be used to evaluate and benchmark the performance of any periodic schedul-

ing policy designed to minimize Aoll.

4. Established analytical characterizations of information freshness in multi-hop net-
works. New analytical results were obtained for both Aol and Aoll under periodic
and non-periodic scheduling policies, providing insights into the impact of network
topology, interference constraints, packet losses, and source dynamics on system per-

formance.

5. Conducted extensive performance evaluations and comparisons with existing schedul-
ing policies from the literature. The proposed approaches consistently demonstrated
significant performance improvements and, in several scenarios, achieved perfor-

mance close to the derived theoretical bounds.

The results in this thesis contribute to the understanding of information freshness in
multi-hop wireless networks and provide a foundation for timely remote estimation in fu-

ture industrial and cyber-physical systems.
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Chapter 2

Priority-Index Based Sampling and Schedul-
ing Policies for Minimization of Average
Age of Information in Time-Slotted Mullti-
hop Networks

2.1 Introduction and Prior Work

A key aspect of modern Internet of Things (IoT) applications is the remote estimation of
physical processes monitored by sensors or source nodes. The spatially distributed source
nodes sample the physical processes of interest and generate data packets containing these
samples. We consider a convergecast network scenario, where packets are collected by
intermediate nodes and forwarded to the sink over multi-hop wireless networks. The sink
node receives packets containing the samples, which are used to obtain remote estimates of
the monitored processes. We use Aol as a metric to quantify the freshness of information
in such remote estimation systems [1]. In this chapter, we consider the design of central-
ized sampling and scheduling policies for minimizing the average Aol (AAol) in multi-
hop networks. The network is assumed to experience both interference and random link
losses. We propose a novel priority-index-based policy derived from a RMAB formulation
of the joint sampling and scheduling problem in multi-hop networks. The proposed policy
demonstrates improved performance compared to existing Aol-aware multi-hop scheduling

policy from prior work.

“This chapter is based on the manuscript by Nibin Raj and Vineeth B.S., “Priority-index based policies
for minimizing average Aol in multi-hop network convergecast with complete interference and link losses”,
in IEEE Wireless Communications Letters, vol. 15, pp. 4215-4219, 2026, doi: 10.1109/LWC.2026.3715677.
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2.1.1 Prior Work

The remote estimation of processes observed by sensors at a sink for estimation or control is
an important task in IoT and cyber-physical systems. The Aol metric has been introduced
in such applications as a performance measure, as it captures information freshness in
contrast to traditional metrics such as delay and throughput. A comprehensive survey on
Aol can be found in [33]. Aol has been analyzed in various queuing models [32], [71],
[72], [73]. An extensive work on Aol for single-source and single-destination scenarios
is presented in [34]. The problem of minimizing Aol in multiple-access networks with
a single base station, under both reliable and unreliable channels, where only a subset of
links can be activated at a time, has been studied. The optimality of three classes of policies:
randomized, maximum-weight, and Whittle index-based has been analyzed in [74], [75],
[76].

The study of Aol in multi-hop networks has received limited attention. The problem of
minimizing the AAol under stationary randomized policies is considered in [42], whereas
interference-free multi-hop information flows are studied in [43]. Other studies have inves-
tigated specific network topologies and communication settings, including ring topologies
[44] and time-slotted multi-source multi-hop networks [47]. The problem of Aol mini-
mization in single-hop networks using distributed scheduling mechanisms has been studied
in [61] and [59], which employ distributed convex optimization and CSMA-based access
schemes. Recent work in [62] demonstrated the potential of reinforcement learning for
optimizing Aol and generalized freshness metrics in single-hop networks. However, cor-
responding RL-based solutions for multi-hop networks have not been extensively investi-
gated. Aol minimization in multi-hop networks was investigated in [9], where the authors
analyzed the performance of three scheduling policies, namely the stationary randomized,
Age-Difference, and Age-Debt policies. Restless multi-armed bandit (RMAB) formula-
tions for minimizing the average Aol (AAol) have been extensively studied in single-hop
networks [63], [64], [65], as well as in single-hop broadcast networks [66]. However, the
application of RMAB-based approaches to AAol minimization in multi-hop networks re-
mains largely unexplored. Table 2.1 provides an overview of single-hop network sampling
and scheduling policies using classical Aol minimization, machine learning (ML)-based,

or reinforcement learning-based methods.
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Table 2.1: Overview of sampling and scheduling policies reported in prior work.

Model discussed

Metric used and
(Network Type)

Policy

A single source generates
time-stamped status updates that
are delivered to a monitor through

a single-server FCFS queue [10]

Aol (Single-hop)

Optimal update generation

policy

A source generates update packets
and transmits them to a destination
over a channel, with access to
channel status via ACKs, and
generates updates only when the
channel is idle to avoid queueing
[11].

Aol (Single-hop)

Zero-Wait policy

An energy-harvesting source sends | Aol (Single-hop) | Lazy update policy
status updates to a monitor through

a single-server FCFS system [77]

A base station delivers Aol (Single-hop) | Adaptive NOMA/OMA

generate-at-will status updates to
multiple clients in a slotted
downlink system, adaptively
switching between OMA and
NOMA [78].

Aol-optimal scheduling
policy

Single-hop wireless links with
pairwise interference and

stochastic channels [61].

Aol (Single-hop)

Distributed stationary
scheduling policy

A single-hop wireless network
where multiple sources contend for
a shared channel using CSMA,
incurring random access delays
[79].

Aol (Single-hop)

CSMA-based randomized

access policy

Continued on next page
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Model discussed

Metric used and
(Network Type)

Policy

Large-scale single-hop status
update system with centralized
scheduling [80].

Aol (Single-hop)

Cyclic (round-robin

based) scheduling policy

A single-hop vehicular network
where vehicles transmit status
updates to a roadside unit over a
shared wireless channel,
considering freshness and task

completion deadlines [81].

Aol and
completion time

(Single-hop)

Joint Aol and
completion-time

optimization policy

A single-hop WiFi monitoring
network using IEEE 802.11 DCF

contention [82].

Aol (Single-hop)

DCF-based scheduling
policy

A single-hop heterogeneous
CSMA network with unsaturated
sources, modeled using a stochastic
hybrid system (SHS) [83].

Aol (Single-hop)

CSMA random access
(DL-augmented SHS)
policy

A single-hop wireless D2D
network with multiple interfering
links under full frequency reuse,
where each link generates
time-sensitive updates and
transmission success depends on

mutual interference [84].

Aol (Single-hop)

DL-based stationary
randomized scheduling

policy

Learning-based forecasting with
multiple transmitters sending
correlated features to a receiver
using ERM-based supervised
learning (e.g., LSTM) with
time-varying Aol [85].

Aol of features;
Training and
testing loss

(Single-hop)

Joint training with
Aol-aware feature

augmentation

Continued on next page

20




Model discussed Metric used and | Policy
(Network Type)
Real-time supervised learning Aol; 1. Gittins index policy

system where a sensing node
transmits features to a learner for
inferring a time-varying target. A
freshness-aware ERM is used,
where feature values and Aol are
inputs to the neural network. A
buffer-based transmission model
allows selecting previously

generated features [67].

Time-average
inference error

(Single-hop)

(optimal for single source)
2. Whittle index policy
(low-complexity for

multi-source)

Edge-enabled wireless IoE network
where multiple devices generate
status updates, scheduled via a
two-stage process with device
selection and transmission over

shared wireless resources [86].

Aol (Single-hop)

Deep reinforcement
learning-based scheduling

policy

Single-hop V2I downlink where an
RSU schedules one vehicle per
slot. The Aol-aware scheduling
problem is formulated as a Markov
Decision Process and solved using
Soft Actor-Critic (SAC) [87].

Aol (Single-hop)

Soft Actor-Critic (SAC)
based scheduling policy

A remote monitoring URLLC
system, where a central controller
schedules one sensor at a time to
transmit time-sensitive updates
over a stochastic network and
formulates the Aol optimization
problem using a reinforcement
learning—based scheduling

framework [88].

Aol, Aol

threshold

violation
probability
(Single-hop)

RL-based scheduling
using Actor-Critic

algorithm.
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2.1.2 Contributions

We first consider a network with complete interference and link losses, where transmission

over each link is successful with probability p;.

1. The main contribution of this chapter is the centralized policy 7gex, Which deter-

mines sampling and link activation decisions based on a priority index.

2. Through simulations, we demonstrate that m4.x achieves lower AAol compared to
existing policies such as stationary randomized, Age-Difference, and Age-Debt [9].
The performance improvement of the proposed policy becomes more pronounced as
the network size increases or the link success probability p, decreases, demonstrating

the effectiveness of the proposed T,qex policy.

3. Furthermore, compared to prior policies such as Age-Difference and Age-Debt [9],
the proposed 7qex policy utilizes only the Aol information available at the sink node,
whereas these prior policies require Aol information from all nodes in the network

at any time.

4. We also extended the proposed priority index-based policy to networks with K-hop
interference constraints. Simulation results demonstrated that the proposed 7ngex

policy, achieves significant performance gains over the Age-Difference policy.

5. Additionally, extensive simulations were conducted across a variety of network sce-
narios, including heterogeneous networks with link-dependent success probabilities
Ps,» Symmetric tree networks, single-hop networks, two-hop networks, and multi-
flow scheduling networks. Across all considered scenarios, the proposed index-based
policy, mTqex, consistently achieved significant performance improvements over the

Age-Difference policy.

We note that usual approaches for obtaining an AAol optimal policy for a multi-hop
network leads to MDP formulations (assuming that Aol at every node for every source in
every slot is known to the scheduler as a state vector, the formulation is a POMDP if Aol
is not directly observed). The exact solutions of such MDPs are intractable. We show that
there is a simpler RMAB formulation for multi-hop networks by considering policies that
maintain only one packet per source in the network at a time. The policy mp,¢ex 1S justified
using this RMAB. The restriction is justified by the improved AAol performance for all
values of p, and motivated by the analytical tractability of the resulting RMAB. We discuss
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how the RMAB formulation can also be used for /K-hop interference models illustrating
the utility of this approach to policy design.

An approach to obtaining priority indices for RMABs is to compute Whittle indices
using optimal policies for individual MDPs, which consider policies for activation of each
restless arm on its own. We observe that optimal policies for individual MDPs in our
problem introduce dependencies on state information that are not available to a central-
ized scheduler implemented at the sink. Using our definition of 74.x We demonstrate
how a heuristic priority index could be obtained for individual MDPs using an analytically
tractable and centrally implementable policy rather than an optimal policy. This is a major
difference from prior work on Whittle index policies, including our prior work!, in which
we obtained multi-hop sampling and scheduling policies for minimizing average age of in-
correct information (AAoll) (rather than AAol) from Whittle index policies for an RMAB
formulation.

Notations: The notations used in this chapter are given in Table 2.2.

Table 2.2: List of symbols and their descriptions used in Chapter 2

Symbol Description
[M] Set of integers {1,2, ..., M}.
G = (V,€) | Directed tree representing the multi-hop network, where V is the set of

nodes and £ is the set of directed edges.

S Set of source nodes (sensor nodes) that generate packets for the root
node.

|U| Cardinality of the node set U.

(i,7) € € | Directed edge from node i to node j, representing a communication link
from ¢ to 7.

(s,(i,7)) | Link activation on link (¢, j) for source s.

(s,(s,7)) | Sampling of source s and activation of link (s, ).

P(s) Set of nodes along the path from source node s to the root node 0.

A3 () Aol at node ¢ € P(s) for source s at time slot .

g:(t) Generation time of the latest packet from source s received at node 7

until the beginning of slot ¢.

Nibin Raj and Vineeth Bala Sukumaran, "Design of Centralized Scheduling Policies for Minimizing
Average Age of Incorrect Information in Multi-Hop Wireless Networks With Interference," in IEEE Access,
vol. 14, 2026, doi: 10.1109/ACCESS.2026.3674431.
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7 Information available to the scheduler at the beginning of time slot ¢,

based on which scheduling decisions are made.

ps (Or g5) Probability that a packet transmission from node 7 to node j along link

(1, 7) is successful (or unsuccessful) for source s.

A"(s) Average Aol of source s under scheduling policy .

A" Aol averaged across all sources for scheduling policy 7.

Ul(t) Activation set at time ¢.

hs Hop distance of source s from sink node 0.

A% (t) Aol of source s at node 0 at time ¢.

H (1) Hop distance from node 0O to the node currently buffering source s’s

packet at time ¢.

Time elapsed since the currently buffered packet of source s was

5°(t)
generated.
Eﬂ(s) Average fraction of time that source s is scheduled under policy 7.
D" Sum of D" (s) over all sources under policy 7.
Ts Threshold value associated with source s.
K A positive integer in K -hop interference constraint.

2.2 System Model and Problem Statement

The network is modeled as a directed multihop tree graph G = (V, £), where the set of
nodes and the set of directed communication links are denoted by V and &, respectively.
Tree network topologies are commonly utilized in practical network deployments, with
protocols such as RPL [89]. We consider the network with convergecast communication,
where the sink node 0 collects information from all nodes in a set S, called the sensor
nodes. Also, let |V| = M + 1, indicating that there are M nodes in the network other
than the root node 0, and |S| < M. An element (i,j) € £ indicates that there exists a
communication link between nodes ¢ and j, through which packets can be forwarded in the
tree network. Time is assumed to evolve in discrete slots, indexed by ¢t € Z™*. In a given
time slot ¢, a communication link (7, j) can transmit at most one packet corresponding to a
source s € S from node 7 to node j, which is referred to as a link activation and is denoted
by (s, (i,7)). Here, in (s, (4, 7)), if s = 4, it indicates that the source node s samples and
generates a packet, which is then forwarded to node j. The packet contains a time stamp

corresponding to its generation time along with the data. Another possibility is s # i,
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which means that the latest packet from source s currently present in node 7’s buffer is
transmitted from node ¢ to node 7 in time slot £. If no such packet is present in node ¢’s
buffer, then no transmission occurs. Also, we assume that all generated packets are of the
same size.

We assume that transmissions over all links in the network occur on the same commu-
nication channel, and that each node is equipped with a single half-duplex radio interface.
We consider a link success probability for every link in the network. Specifically, for any
link activation (s, (4, 7)), i.e., the transmission of a packet from node i to node j, the trans-
mission is successful with probability p, and fails with probability ¢, = 1 — p,. If a packet
from source s is successfully transmitted from node ¢ to node j, then node j stores the
packet in its buffer, replacing any older packet of source s if present. If the transmission
of a packet from source s from node 7 to node j fails, then (i) node 7 retains the packet of
source s in its buffer if 7 # s, and (ii) if ¢ = s, then a new packet will be generated when
(s,(s,J)) is scheduled in its next activation. We consider both the complete interference
model and the K-hop interference model. Under complete interference, only a single link
can be activated at any given time?. In contrast, the K -hop interference model allows mul-
tiple links to be activated simultaneously, provided that any two active links are at least K
hops apart, thereby avoiding interference. We initially consider the complete interference
model and then extend to the K -hop model.

The activation of a link in time slot ¢ is denoted by U (¢). The evolution of packet trans-
mission and sampling decisions (which are of the form (s, (s, .))) over the network forms a
sequence or pattern over time, which is denoted as (U(t),t € Z. ). This sequence is called
multi-hop sampling and scheduling policy, denoted as 7 and generated by a scheduler.

Aol is defined as the time elapsed since the generation of the most recently received
update. We consider a multihop tree network, where a source node s forwards its packets
to the destination node 0 through a multihop path. Let P(s) denote the set of nodes along
the path from s to 0. Then, the Aol at a node i € P(s) at time slot ¢ is denoted by A (¢).
The initial age is assumed to be zero, i.e., A{(0) = 0. The Aol is given by,

Ai(t) =t —g;(t) 2.1

where g7 (t) denotes the generation time of the most recently received packet from source

2The derived policy can be extended to K -hop interference scenarios by observing that, the direct links
connecting 0 to its child nodes and the links which are within K hops of such direct links still cannot be sched-
uled together (as in complete interference). A priority index policy can then be defined for such networks
(see Section 3.3).
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s at node 7. It is assumed that the initial value is zero, i.e., g{(0) = 0.

Let A" (s) be the AAol for a source s at the node 0 under policy , defined as:

T-1

A" (s) = limsup % SR [43(0)]45(0) = 0] 2.2)

T—o0 —0

where the initial Aol is assumed to be 0.

We now define AAol for the system under policy 7 as,

i > A(s) (2.3)

|S| SES

The scheduling decision depends on the information available to the scheduler. Specif-
ically, at the beginning of time slot ¢, the scheduler makes its decision based on the in-
formation set Z, available to it. The information Z; depends on whether the scheduler is
centralized or distributed. In this chapter, we focus on the design of centralized schedul-
ing policies, where the scheduler is implemented at the sink node 0 and makes decisions
based on the information available at node 0. Centralized scheduler implementation is
practically supported by many existing protocols, for instance, Path Computation Element
in IEEE 802.15.4e TSCH (Time-Slotted Channel Hopping) [4] and Network Manager in
WirelessHART [90] enable centralized policy implementation. We now represent the set of
all such centralized policies by II. For any policy 7 € II, we assume that it has knowledge
of the network topology, interference constraints, and the link success probability p,. Also,
for any 7 € II, the information set Z; consists of all packets, including their contents, that
have been successfully received at node 0 before time slot ¢, as well as the past link acti-
vation decisions (U(7),7 < t). Under this assumption, and using packet generation time

stamps, (A5(7), 7 < t),Vs, is known to the scheduler.

Additionally, when p, = 1, i.e., in the reliable link case, the evolution of packets in the
network is completely determined by the scheduling decisions (U(7),7 < t) € Z,. Since
there are no transmission failures, every scheduled transmission is successful; hence, the
scheduler at node 0 can exactly track the evolution of the Aol for packets from each source
s along the path P(s). Moreover, once a packet from source s is received at node 0, its
Aol increases deterministically with time until a new packet is received. Therefore, using
the packet generation time stamps and past scheduling decisions, the scheduler can infer
(A3 (1), 7 < t) forall i € P(s) and for all s. Furthermore, the scheduling decisions also

provide information on whether node 7 contains a packet from source s at time .
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However, when p; < 1, the Aol values of sources other than the sink node 0 is not fully
known to node 0, even with the knowledge of (U(7), T < t), due to possible transmission
failures caused by link losses. For our discussion, we also find it useful to define a class
Il of genie schedulers with Z; containing (A$(t),Vi € P(s),Vs) at slot .3

In this chapter our objective is to design centralized sampling and scheduling policies

to minimize Zﬂ, 1.e.
min A 2.4)
We formulate the problem of centralized sampling and scheduling to minimize Aol as
a MDP, assuming that all links are reliable, i.e., p; = 1. The quantity A" denotes the
time average of Aj(t). We first consider the state vector for the MDP as (A§(t),Vs). It
is not possible to determine the evolution of Af(t) to A§(¢ + 1) under U(t) using only
the knowledge of (A§(¢)). If we include (U(7), T < t) or the Aol (A(t),Vi € P(s),Vs),
along with the buffer state indicating whether node 7 contains a packet from source s at time
slot ¢, as part of the state process, which results in a Markov evolution. The average-cost
ses Ab(t). However, this MDP

is challenging to solve due to the large dimensionality of the state space. For example,

MDP can be formulated with a single-stage cost given by » _

consider a line network consisting of M nodes in addition to the sink node 0. In this case,

the size of the state space grows on the order of M?2.

When considering the case where p; < 1, even though a policy 7 € II has knowledge
of (Aj(t),Vs), it does not observe (Aj(t),Vi € P(s),Vs) for nodes other than the sink.
Due to link losses, transmissions may not be successful. Hence, one can maintain a beliefs
over (A?) for i # 0, which results in a POMDP formulation. However, this formulation
is, in general, not analytically tractable. RL based methods provide a possible approach;
however, in this chapter, we focus on analytically tractable policies.* In the following, we
show that (2.4) can be formulated as a RMAB problem for a subset of policies in the class
g5

3We note that only for p, = 1, the Age-Difference scheduler € II, while for p, < 1, the Age-Difference
scheduler € Ilg.

“In this chapter, we consider networks with complete interference. We note that more general interference
models, such as K-hop interference, allow multiple simultaneous link activations, leading to large action
spaces that are again challenging for learning-based approaches.

3> An important observation is that an MDP formulation for policies in the class Il also results in a state
space with the same dimensionality as that discussed for II when p, = 1.
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2.3 RMAB Formulation and a Priority-Index Policy

We consider a network with complete interference, i.e., at each time slot, the scheduling
policy selects a single link activation. We focus on a class of policies denoted by II;p C
I, in which, once a packet from a source is generated, no new packet is generated from
that source until the previously generated packet is received at the sink node 0.

For a policy m € II;p, the scheduler’s decision at each time slot is thus reduced to
selecting a source for transmission. Under this policy, the evolution of the system can be
described as follows: In a tree network topology, each source node s has a unique path
to the sink node 0. Let H*(¢) represent the hop distance from the sink node 0 to the
node currently holding the packet of source s at time slot ¢. The value of H*(¢) uniquely
identifies which node is buffering the current packet of source s, since each source has at
most one packet present in the network. Let S*(¢) denote the time elapsed since the current
packet from source s in the network was generated. This quantity is useful for tracking the
evolution of the Aol, A§(t). If source s has no packet in transmission, then S*(¢) = 0 and
H*(t) = h®, where h*® denotes the hop distance of source s from the sink node 0. For the
system, we define the state vector as ((A°(t), S*(t), H*(t)), Vs € S), where, in this section,
we use A®(t) to represent Af(¢). In addition, we define D*(t) as an indicator variable that
takes the value 1 when source s is scheduled at time slot ¢ under policy 7, and 0 otherwise.
In Table 2.3, we define the evolution of the state vector (A®(t), S*(t), H*(t)) as a function
of D?(t) from time slot ¢ to t + 1.

For a policy m € II,p, the state vector ((A*(t), S°(t), H*(t)),Vs € S) evolves as a
Markov chain (MC). The state space given by the Cartesian product X ses (Z; X Z X [h®]).
The action space is S, since at each time slot the scheduler must choose a source s to
be scheduled. For a given state vector ((as, S, hs), Vs), we define the single-stage cost
as ZS as. We note that the AAol minimization problem (2.4) can be formulated as an
average-cost MDP with state transitions as described in Table 2.3. This MDP is a RMAB
problem. Let D" (s) denote the average fraction of time that source s is scheduled under

policy 7, defined as
D'(s) = lim Z E[D*(t (2.5)

Also, let D" denote the average fraction of time that system is scheduled under policy

7, defined as
=> D'(s) (2.6)
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Table 2.3: Evolution of S*(t), A%(t), and H*(t) from ¢ to ¢ 4+ 1 as a function of D*(¢) for
source s (note: w.p. is for “with probability”).

D(#) = 0 Do(t) =1
W.p. qs:
Se(t) + 1, 5(2 Tflﬂlf(g =(t3f< "
St + 1) if H(t) < % | o e |
0,if H*(t) = h*. Se(t) + 1, if H5(t) < h?,
0,if H*(t) = 1.
W.p. gs:
As(t) + 1
AS(t+1) | AS(t) +1 WP: Ps:

H*(t+1) | H*(t) W.p. Ds:
Ho(t) — 1, if H5(t) < I,
h®,if He(t) = 1.

An important and useful approach to such problems is due to Whittle [91], where the hard
constraint that only a single source can be scheduled (i.e., V¢ ) D*(t) = 1) is relaxed into

an average constraint as follows:

min A" such that D" < 1. (2.7)

wellip

This problem can be formulated as an MDP (with the same state space and transitions as
described above) with an average cost of A" + X\ D", where A > 0 is a Lagrange multiplier.
We refer to this formulation as the Lagrange-MDP (L-MDP). For the L-MDP, the single-

stage cost is given by
D ag+A) d, (2.8)

where d, € {0,1} indicates whether source s is selected for transmission, correspond-
ing to the specific value of D*(t). The L-MDP decouples into |S| individual MDPs,
with each MDP corresponding to a single source. The state of each individual MDP is
(A®(t), S°(t), H*(t)), and the single-stage cost is as + Ad;. We refer to the MDP for a

single source with the average-cost criterion as the Single-Source MDP (SS-MDP). For a
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source s, the objective of SS-MDP is
min A" (s) + AD" (s), (2.9)

where now 7 is a policy for a single source that decides D?(¢). The Whittle index approach
[63] leverages the solution of the SS-MDP to derive a good policy, referred to as the index
policy, for the RMAB. The approach to obtaining an index policy consists of the following
steps: (1) obtaining an optimal policy for SS-MDP, (i1) showing indexability of the obtained
optimal policy, (ii1) obtaining the Whittle index associated with every state of the SS-MDP
[63].

Let a specific instance of state of the SS-MDP be denoted by z; = (as, ss, hs), rep-
resenting (A*(t), S°(t), H°(t)). The Whittle index for a given state can be interpreted as
a subsidy for passivity. For a state x4, the Whittle index denoted as w(z;) is defined as
the smallest value of A\ for which the optimal action for state x; is to be passive or 0 [63].
The policy for the RMAB selects, at each time slot, the source with the maximum Whit-
tle index. The Whittle index for each source depends on its current state (as, ss, hs). The
Whittle index is a priority index, determining which source should be scheduled based on
its current state, with higher index values corresponding to higher scheduling priority.

We propose a priority-index based policy using the following definition of a index for
each state for SS-MDP. We consider (2.9) but only for a subset 11 of threshold policies on
age for a single source. A threshold policy 7., on age decides D*(t) = 1 if A%(t) > 7,
and 0 otherwise, where 7, € Z, is the threshold parameter®. The priority index v/(z,) for
a state z, is defined as the smallest value of A\ for which the optimal action for x is to be

passive, where optimality means that the minimum of the following problem is achieved.

min A" (s) + XD (s), (2.10)

g €117

The index v(x,) is the Whittle index w(z;) if threshold policies are optimal.” For a ), the
optimal threshold 7(\) for (2.13) is argmin, A" + AD"™, where A"~ and D" are the
AAoI and fraction of time source s is scheduled for the policy 7,,. We characterize AT

and D™ below.

®We note that the threshold is not considered to be a function of other components of the state in the
SS-MDP.

7A main motivation behind defining a priority index policy is that it allows us to define index policies
using policies for SS-MDP which are analytically more tractable or which are independent of information
not available to a centralized scheduler. For example, here an optimal policy for SS-MDP could be a function
of H?(t) and S*(t) also, but we consider threshold policies on just A®(t).
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Proposition 2.1. The AAol A™™ for the threshold policy ., for a single source is

h(?;};i RO 4+ 3 pla) 5 <a+Ts+%—1)
)

AT = 2.11)

The average fraction of time that source s is scheduled under policy 7, is D™ =
h®/dps. Here § = (— + 3270 p(a) (1, — a)) and p(a) is (22)ph" 1qe™" for b* > 2.
For h* = 1 we have p(1) = 1 and p(a) = 0,Va # 1.

The characterization is obtained using Markov renewal reward theorem (MRRT) [92];
a proof outline is given in Appendix 2.A.

The above characterization can be used to obtain 7(\). We defined v(z;) as the small-
est value for A such that the threshold a + 1 is optimal for (2.13), since for A less than such
a v(xs) the action at a, is 1. We now show that this smallest value of A or v(z) for which
the threshold is a, 4+ 1 can be obtained using the characterization of A" and D" from

Proposition 2.1.

Proposition 2.2. The priority index v(xy) for state xs = (as, S, hs) is

Alas+l _ e
v(z) = B e (2.12)

Proof. We defined the priority index v(z) as the smallest value of A for which it is optimal

to be passive under a threshold policy for the problem :

min A" (s) + AD" (s), (2.13)
7I'7—S€ T

where 1. is the class of threshold policies and 7, denotes the threshold for a threshold
policy (a policy that serves if the current age a; > 7,). For threshold policies the smallest
value of A for which it is optimal to be passive at z; = (as, Ss, hs) is that smallest value of
A for which the optimizing threshold for (2.13) is a; + 1. That is,

A7 (s) + XD (s) = AT (s) + AD T (s) (2.14)

8 A large value of v(z) implies that we continue to be active in a state x5 until we place a large penalty
on service, so that we should give priority to service if the current state is x5 compared to another state with
a smaller value of v(.).
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Or, we have that

Lo AT () = AT ()

2.1
D" (s) = D" (s) 15

We have that the smallest value of A such that as + 1 is optimal is when 7, = a, in the
—T —TMag+1

above expression. This leads to v(z,) = (A""" — A™*) /(D™ — D™, O
It is important to note that the index depends only on as and not on (hy, s;).

Priority index policy: We define the priority-index policy 7,4e. as choosing the source s

with maximum value of v(x;) at time ¢ (ties are broken randomly). We note that although

T Indec Was obtained by considering II;p C Ilg, mrm4e: € I since it only uses the current
A*(t) which is available at 0.

2.4 Extension to K-hop Interference Model

In this section, we illustrate how the RMAB based approach can be extended to the K-
hop interference model. Consider a line network with M nodes, we note that the first
K + 1 links operate under complete interference conditions. For example, for 2-hop
interference model, the links (1,0), (2,1), (3,2) cannot be scheduled together. Consider
the sources 1,2,..., K + 1. Their packets can be transmitted to 0 using the links (K +
1,K),...,(2,1),(1,0) under complete interference. Furthermore, the packets from K +
2, ..., M are forwarded to the node K + 1 and buffered there. These packets are also trans-
mitted using the above links under complete interference. Suppose A§(t) denotes the Aol of
source s at node 0 and A%, (¢) denotes the Aol of source s at node /X + 1 (only for sources
s € {K +2,..., M}. Since the index in Proposition 2.2 is a function of the Aol a,, we use
the notation v (as) here. For all sources s, foralink [ € {(K + 1, K),...,(2,1),(1,0)} we

define a priority value p; at slot ¢ as follows:
. =v(Aj(t)), Vs e {l,..., K +1}.

For sources s € {K +2,..., M} we compute indices by considering these sources as
being at hop distance K + 1 itself (since their packets are buffered at K + 1). We define

the following priority values:
p = v(AG(t) — Ak (1), Vs e {K +2,...,M}.
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Forall s € {1,..., M}, the link [, is the link at which the source’s latest packet is buffered.

For any other [, p; is set as 0. Also,
s; = argmaxpj.

The priority values of sources at the links ((K +2, K+1), (K+3, K+2),..., (M, M—
1)) are defined using Age-Difference. That is, p; = max(A3 — A7,0), where | = (i, j).

Then, the priority value of a link activation vector v; is obtained as:

SO D U SR S i (2.16)

I=(3,j)€v,i<K+1 I=(4,j)€v,i>K+1

Here, v is an empirically chosen weight factor for combining the priority values ob-
tained from priority indices with the priority values obtained from Age-Difference. Em-
pirically, we have observed that choosing v = 1/(max(M — K,0) + 1) gives good AAol
performance. The proposed scheduler then chooses a link activation vector which has the

maximum value of (2.16) in every slot ¢.

2.5 Simulations and Performance Analysis

In this section, we present the simulation setup and performance analysis. Simulations are
used to evaluate the performance of AAol, denoted by A", for the proposed index policy
Tmdex- L he results are compared with existing policies from prior work, including station-
ary randomized, Age-Difference, and Age-Debt [9]. The generation of network topologies
is described as follows. We consider line, multiline, and tree networks for different net-
work sizes determined by M. The topologies are constructed such that the maximum hop
distance across sources is comparable across different network types. A line network is a
linear graph with nodes indexed from O to M, where each node ¢ transmits to node 7 — 1
fori € {1,2,...,M}. We consider M € {10,15,20,25,30}. A multiline network is a
tree consisting of b top-subtrees’, where each top-subtree is a line network. Let n; denote
the number of nodes in the ith top-subtree, for all i € [b]. The values {n;} are sampled
from a multinomial distribution with M trials, b mutually exclusive outcomes, and equal
probabilities, such that Zi’:l n; = M. In the experiments, we set b = 2 and generate 100
random graphs for each M. The maximum value of M is limited to 50 to ensure that the

maximum hop distance remains comparable to that of line networks. Tree topologies are

9A tree network consists of top-subtrees, where each top-subtree is a subtree rooted at a child of node 0.
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Figure 2.1: Comparison of AAol: (a) stationary randomized, Age-Debt, Age-Difference,
and 7gex policies for p; = 0.3 on random tree networks versus M ; (b) Age-Difference and
index policies versus p; for a random tree network with M = 30.

generated by uniformly sampling from all possible tree topologies with M nodes using a
Priifer sequence-based construction method [93]. For each value of M, 100 random graphs
are generated. The maximum value of M is limited to 100 to maintain a maximum hop

distance comparable to that of line networks.

First, we compare the AAol for networks with a fixed probability of link success ps =
0.3 and varying values of M. The results are shown in Fig. 2.1(a). The AAol values
obtained for these graphs are shown along with the average AAol across all graphs, where
the thick lines represent the average values evaluated at the M values indicated by the
markers. The results demonstrate that the proposed 7ex policy achieves the smallest
A Aol among all considered multihop policies. Specifically, for M = 30, the AAol under
the Age-Difference, Age-Debt, and stationary randomized policies is higher than that of the
proposed index policy by at least 22.35%, 135.00%, and 1075.48%, respectively. Therefore,
in the following, we compare the proposed policy only with the next best policy, namely
Age-Difference. Next, we study the AAol performance of the proposed index policy 7gex
and the Age-Difference policy as a function of the link success probability p, in Fig. 2.1(b)
for a single network. The results demonstrate the effectiveness of the proposed index policy
Tmdex Under unreliable link conditions. Note that we assume only a single packet per source
is present in the network at any given time. For p;, = 0.9, the AAol under the Age-
Difference policy is 7.01% higher than that under 7y,4.x, While for p, = 0.1, it is 18.90%
higher.

Also, we compare the AAol of the mq4.x and Age-Difference policies for line, mul-

tiline, and tree networks under different link success probabilities p, € {0.3,0.6,1} and
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Figure 2.2: Comparison of AAol: (a) line network, (b) multiline network, and (c) tree
network under the Age-Difference(p,) and mgex(ps) policies for p, € {0.3,0.6,1} and
varying M.

varying values of M, as shown in Fig. 2.2. The results show that the proposed policy
Tmdex OUtperforms the Age-Difference policy in all cases. In particular, the performance
gap increases with increasing M and decreasing pgs, which highlights the effectiveness of
Tdex- TOT the line network with M = 30, the Age-Difference policy yields a higher AAol
than the m,qex policy by 6.25%, 28.75%, and 33.87% at p, = 1, 0.6, and 0.3, respectively.
For the multiline network with M = 50, the corresponding AAol increase is 22.22% at
ps = 1, 112.77% at p, = 0.6, and 317.13% at p, = 0.3. Similarly, in the tree network
with M = 100, the Age-Difference policy exceeds Tgex in AAol by 16.21%, 166.03%,
and 382.12% for p, = 1, 0.6, and 0.3, respectively.

We evaluate the performance of the proposed K-hop extension for mpg.x and Age-
Difference policies for different interference ranges, where K € {1,2,3,4,5,6,7,8,10,15}.
The results are shown in Figure 2.3(a) for a line network with M = 20 and p, = 0.5.

They demonstrate that the proposed 7ex policy achieves lower AAol compared to the
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Age-Difference policy for K > 6. Next, we evaluate the performance under a 5-hop in-
terference model while varying the number of source nodes, where M € {10, 15, 20,25}
and p; = 0.5. The results shown in Figure 2.3(b) show that the proposed extension to Tygex

policy achieves smaller AAol compared to the Age-Difference policy.

250 —— Age-Difference
500 —= TMindex
200
= =
N 150 <150
—&— Age-Difference 100
100 - Mindex
5 10 15 >0 1'0 15 20 25
K Number of nodes - M
(a) (b)

Figure 2.3: Extension to K-hop interference cases: (a) comparison of the simulated AAol
for the proposed mp,qex and Age-Difference policies as a function of K for a line network
with M = 20 source nodes and p; = 0.5, (b) comparison of the simulated AAol for the
proposed Thgex and Age-Difference policies as a function of M for a line network with
K =5and ps = 0.5.

2.6 Other extensions

2.6.1 Other Network Topologies and Scheduling for Multiple Flows

Heterogeneous network: Additionally, we consider a heterogeneous network scenario in
which each link [ € £ has a distinct link success probability p,;, randomly chosen from
the range (0.6, 1), under the complete interference model. The results, shown in Fig. 2.4,
confirm that the proposed m¢ex policy outperforms the Age-Difference policy. From the
results, it is observed that as M increases, the Age-Difference policy yields a higher AAol
compared to the index policy. Specifically, when M = 10, the AAol under the Age-
Difference policy is 8.40% higher than that of the index policy, whereas for M = 50, it
increases to 15.24%.

Symmetric Tree: We have further analyzed the performance of the proposed index pol-
icy, Tmaex, ON fully symmetric tree topologies to more clearly observe the specific impact

of increasing hop counts on performance. Accordingly, we conducted additional simu-
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Figure 2.4: Simulated AAol for a heterogeneous tree network under Age-Difference and
Tmdex Policies with complete interference, where each link [ € £ has a link success proba-
bility ps; randomly chosen from the range (0.6, 1).
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Figure 2.5: Simulation results of the AAol for a fully symmetric tree network with
M € {2,6,14,30,62} under the Age-Difference(p,) and 7peex(ps) policies, for p, €
{0.3,0.6, 1} and different values of M, under complete interference.

lations on fully symmetric tree networks, and the corresponding results are presented in
Fig. 2.5. Specifically, we first considered a symmetric tree with two source nodes, 1 and
2, both routed to the sink node 0. We then progressively extended this topology by adding
two child nodes, namely 3,4 and 5, 6, to the existing nodes 1 and 2, respectively. Fol-
lowing the same procedure, the graph was further expanded up to the case of 62 source
nodes. Therefore, the number of source nodes considered in our simulations is given by
{2,6, 14,30, 62}. The simulation results demonstrate that, for different link success prob-
abilities p; € {0.3,0.6, 1}, the proposed policy mgex consistently outperforms the Age-
Difference [9] policy across all considered network sizes.

Single-Hop Network: A common network topology that has been considered in prior
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Figure 2.6: Comparison of AAol for a single-hop network with 10 source-destination pairs
for Age-Difference and 74 policies. The AAol is plotted as a function of the success
probability ps € {0.5,0.6, ..., 1} under complete interference.

work is a single-hop network, i.e., there are multiple source destination pairs but they are
all separated by a single hop. We compare the performance of our algorithm (which reduces
to the Whittle index policy) with Age-Difference in Fig. 2.6. In this case, as noted in prior
work [9], Age-Difference and the index policy have similar performance.

2-Hop Network Topology: Another common topology that is especially relevant for com-
plete interference is a 2-hop network, where the source nodes are at most two hops away.
Here we consider several cases as illustrated below. For example, Figure 2.7 illustrates the
AAoI performance for 2-hop binary tree networks with M € {3,6,12} as a function of
ps. The obtained results show that, for p; = 0.1, the percentage improvement achieved by
the Index policy (7uqex) Over the Age-Difference policy is 1.17%, 13.68%, and 11.03% for
networks with 3, 6, and 12 source nodes, respectively.

Next, we consider the case of 2-hop binary tree topologies where the link success prob-
ability is fixed at p; € {0.3,0.5,0.8}, while the number of source nodes M is varied. The
results again demonstrate the performance improvement achieved by the proposed 7ngex
policy compared to the Age-Difference policy. As shown in Figure 2.8, the advantage of
the proposed m¢ex policy becomes more evident as the network size increases, particularly
when the network becomes more unreliable due to higher link losses (i.e., lower p, values).
The percentage improvement achieved by the m,4.x policy over the Age-Difference policy
is 5.88%, 4.27%, and 3.97% for p, = 0.3, 0.5, and 0.8, respectively.

Finally, we consider an experiment on an irregular 2-hop tree network. In this setup, a
random irregular 2-hop tree topology is generated such that the root node 0 is connected

to a randomly selected subset of first-hop nodes, where the number of first-hop nodes m4
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Figure 2.7: Comparison of AAol for 2-hop binary tree topologies: (a) a 3-source binary
tree where node 1 is a child of node 0, and nodes 2 and 3 are children of node 1; (b) a 6-
source binary tree where nodes 1 and 2 are children of node 0, and nodes {3,4} and {5, 6}
are children of nodes 1 and 2, respectively; and (c) a 12-source binary tree where nodes 1,
2, 3, and 4 are children of node 0, and each of these nodes has two child nodes. The results

are shown under the Age-Difference and 7,4 policies under complete interference as a
function of link success probability p;.

is drawn uniformly from 1,...,[M/5]. Each of the remaining A/ — m; nodes is inde-
pendently assigned to one of the first-hop nodes with equal probability, thereby forming
the second-hop layer. This construction results in a two-level tree structure in which the
root has a relatively small number of children, while the second-hop layer contains a larger
number of leaf nodes, leading to an irregular branching structure.

The results obtained for the random irregular 2-hop tree network further demonstrate
the effectiveness of the proposed 7,¢ex policy compared to the Age-Difference policy. The
percentage improvement achieved by the proposed policy is 4.71%, 3.33%, and 1.98% for
ps = 0.3, 0.5, and 0.8, respectively (see Figure 2.9). These comparisons on multiple types

of topologies show that the proposed priority index policies have smaller AAol compared
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Figure 2.8: Comparison of AAol for 2-hop binary tree topologies as a function of M, for
fixed values of p;: (a) ps = 0.3, (b) ps = 0.5, and (c) p; = 0.8. The results are shown under
the Age-Difference and mp4x policies under complete interference.

with policies in prior work.

Multi-Flow Scheduling: Our proposed policy, like Age-Difference, can also be applied for
networks with multiple source destination flows. For example, consider the mesh network
shown in Fig. 2.10(a). For each destination, a separate routing tree (as shown in blue
and red) is established. For complete interference, we compare the AAol for the Age-
Difference policy and the proposed index policy as a function of the success probability
ps in Fig. 2.10(a). We observe that the AAol for the proposed policy is smaller and the

difference increases as the links become less reliable (Fig. 2.10(b)).

2.6.2 Optimization of monotonic and non-monotonic functions of Aol

As discussed, in many applications the performance metric of interest is the average of a

general function of the Aol. The function could be monotonic or non-monotonic in Aol
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Figure 2.9: A random irregular 2-hop tree topology is generated as follows. The root node
(node 0) is connected to a randomly selected subset of first-hop nodes, whose cardinal-
ity m, is drawn uniformly from 1,..., | M /5|. Each of the remaining M — m; nodes is
independently assigned to one of the first-hop nodes with equal probability, forming the
second-hop layer. This results in a two-level tree structure where the root has a small num-
ber of children and the second-hop layer contains a larger number of leaf nodes, inducing
an irregular branching structure.

[67], [68], [70]. We consider a function f of the Aol and define the average Fﬂ(s) for a
source s at the node 0 under policy 7 as:

F"(s) = limsup — ZE t))]A5(0) = 0] (2.17)

T—o0

where the initial Aol is assumed to be 0. We now define an average for the system under

Z (2.18)

sGS

policy 7 as,
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Figure 2.10: (a) Illustration of multiple flows in an example mesh topology graph. The
first flow is toward destination node 1 (blue solid thick lines) and the other toward destina-
tion node 13 (red dotted lines) (b) Comparison of average Aol for Age-Difference and the
proposed index policy as a function of transmission success probability p;.

The problem that we consider is
min F (2.19)

mell
We discuss how the heuristic priority-index policies can be extended to such functions here

for the complete interference case and policies 7 € I1;p.

First consider the case where threshold policies 7., defined on the actual Aol itself
are used to obtain priority-index policies. Threshold structures arise naturally in a number
of Aol scheduling problems, including problems involving Aol minimization and more
general non-decreasing functions of Aol [64], [94]. We again note that these are heuristic
priority-index policies and not claimed to be Whittle index policies. The heuristic priority

index v(x,) for state x; = (as, s, hs) is defined as:

as+1 Tag

F —F
vix,) = — — 2.20
( ) D as - _D as+ ( )

Here, we note that D" * is as in Proposition 2.1 for a policy Tr,. 10 obtain F'™, we modify
the derivation of A" in the proof of Proposition 2.1. The Markov renewal process iden-
tified in the proof holds since we are considering 7. .. The average F"™ can be expressed
using MRRT as

e _ 2oam Far (@, DE[F(a, )]
> aci tar(a, )EC(a)
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where j14 7(a, t) is the stationary distribution of (A,,, T},) and F(a,t) = S._} f(a + 7).

The computation of E [F(a,t)] is dependent on the form of the function f and can be
computed numerically using the distribution of sum of Geometric random variables. With
this definition of priority-indices, the policy 7,4, can be defined for the network.

Now consider the case as in [67], [68], where the function f is non-monotone. Suppose
we consider the scenario of complete interference with policies m € II;p. Then, we note
that similar to the development in Section 3.3, we can formulate a RMAB but with the
objective of minimizing F. Again, a Whittle index relaxation leads to SS-MDPs, where
for each SS-MDP our objective is to minimize F'' + AD", for policies 7 for a single source
(instead of A" + AD" in (2.9)). For non-monotonic f, we currently do not have a charac-
terization of optimal policies for SS-MDP. Instead, we suggest a heuristic extension based
on [67]. Suppose we consider policies serve a source’s packet in contiguous slots until it
reaches node 0. We now show that for such policies the evolution of the system is simi-
lar to that considered in [67]. Shisher et al. [67] considered non-premptive scheduling of a
source’s packet over a channel which introduces IID random delays for different packets. A
policy which schedules a source’s packets in contiguous slots till it reaches 0 is equivalent
to a model in which a source’s packet experiences a random delay. The random delay in
our case is the random time taken for the packet to traverse i, hops and reach 0. Shisher et
al. considered a non-monotonic function of the Aol as the performance metric. Although,
the authors assume a more general selection from buffer model, with a buffer size of 1 we
recover our model from theirs. Shisher et al. then show that the optimal times at which
to transmit packets (or to start scheduling a source in our case) is decided by a threshold
policy on a function of the Aol. This function is the Gittin’s index of a bandit process with
two actions at a slot: (a) stop and transmit at the current slot, or (b) do not transmit and
continue to the next slot. If the decision is to stop, then note that the process stops after a
random time equal to the channel delay. A multisource extension of this problem is also
then considered using a RMAB formulation followed by a Whittle index based relaxation.
The Whittle index is obtained in [67, Theorem 5.3] which can then be applied to choose
which source is to be scheduled in a slot.

2.6.3 Extension to multi-channel networks

This chapter had considered a single-channel setting to develop the underlying RMAB

formulation and the corresponding priority index policy. We note that even under the case

10We note that since f is non-monotonic, a threshold policy on f may not serve the source in contiguous
slots.
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of complete interference, we do not have that the optimal solution to the RMAB would
lead to an optimal policy for the system. The RMAB formulation is obtained under the
additional restriction to policies II; p that maintain only a single packet per source in the
network. This restriction, however leads to implementable policies with good performance.
We note that a heuristic index policy can be developed for the scenario where there are
multiple orthogonal frequency channels available for the system. Suppose there are C' such
orthogonal channels available. For each channel, we consider the case where the network
has complete interference. Then the priority index policy 7 4., 1s defined by first ordering
the sources in descending order of v(z,) at time ¢ (ties are broken randomly) and then

scheduling the first C' sources.

2.7 Conclusions

We proposed priority index based centralized sampling and scheduling policies to minimize
the AAol for multi-hop networks with complete interference and random losses. The prior-
ity index is motivated by formulating the problem as an RMAB and then characterizing the
index using an age-threshold policy. The proposed policy outperforms the Age-Difference
policy [9] across a wide range of link success probabilities p;. Moreover, it is more prac-
tical to implement, as it requires only the Aol of each source at the sink node. The results
demonstrate the effectiveness and robustness of m,4ex under unreliable link conditions, even
under the assumption that each source can have at most one packet in the network at any
given time.

Furthermore, we compare the AAol achieved by the proposed mqgex policy and the
Age-Difference policy in line, multiline, and tree networks with link success probabilities
ps € {0.3,0.6,1} for varying numbers of source nodes M. The results show that my,gex
consistently outperforms the Age-Difference policy, with the performance gap becoming
more pronounced as M increases and p, decreases. In addition, the performance of the
proposed policy is evaluated across several other network topologies, including single-hop
networks, two-hop tree networks, symmetric tree networks, heterogeneous networks, and
multi-flow scheduling networks. In all considered scenarios, the proposed Tpgex policy
achieves a significant reduction in AAol compared to the Age-Difference policy.

We also investigate the extension of mpgex to networks with K-hop interference con-
straints. Numerical results demonstrate that the proposed policy achieves lower AAol than
the Age-Difference policy across a range of interference levels, with particularly significant

gains for ' > 6. In addition, under a 5-hop interference model with varying numbers of
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source nodes and link success probability p, = 0.5, the proposed K -hop extension of 7pygex

continues to outperform the Age-Difference policy, yielding consistently lower AAol.
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Appendix

2.A Proof of Proposition 2.1

We consider a system with a single source s at hop distance A° evolving under 7. . We
identify a Markov renewal reward process (MRRP) in the evolution to characterize A"
and D" . The cycles of this MRRP are first identified. Since A° is finite and the expected
time for a successful transmission over a link is 1/ps, a packet gets delivered to 0 from
s in finite expected time. Suppose the m" packet has been delivered to 0 in slot t. We
denote the age after this packet delivery as A,,. For a threshold policy with threshold
Ts, @ new packet will be generated and transmitted if A,, > 7, or after 7, — A,, slots
if A,, < 75. Let r be the parent of s’s at hop distance h* — 1. Since the (s,r) link
is lossy, from the time of first generation of a packet, the duration of time taken for a
packet (this is the last generated packet which may be different from the first generated
packet) to reach 0 is 31, G, (i), where G,, (i) ~ Geometric(p,) represents the random
time taken to transmit from i to 7 — 1. The random variables G,,(7) are independent across
1. We define renewal cycles as the times between successive packet deliveries to 0. Let
Ty = S0 7" G, (@). Then, the renewal cycles have duration C,,, = max(r, — A, 0) +
G (h®)+T,,, where G,,(.) and T}, are independent of A,,. Since the last generated packet
from s needs one slot to be transmitted from s to r, at the end of the m!" cycle, we have
A1 = 1+ T,,. We obtain a Markov renewal process with ((A,,,T,,)) and C,, being
the associated embedded Markov chain and renewal cycle durations, respectively. To apply
MRRT [92], we now identify the expected cumulative Aol and the expected total number
of times s is scheduled as costs in a cycle. Suppose we condition on A,, = a and T,,, = t,
and let C'(a,t) = max(7s — a,0) + G,,(h*) + t. Then the expected cumulative Aol in a
cycle is E [aC(a,t) + C(a,t)(C(a,t) — 1)/2] and the expected total number of times s is
scheduled is E [G,,(h®) + t]. Furthermore, the conditional expected duration of a cycle is
EC(a,t). The expectations are with respect to the distributions of G,,(.). We now discuss
how A™™ can be obtained using MRRT. The derivation of D" is similar. Using MRRT

we have that:

2o par(a, )E [aC(a, t) + C(a, 1) (Cla,t) —1)/2]

ZWTS = 0o )
Ea=1 MA,T(av t)]EC(CL, t)

(2.21)

where f14 7(a,t) is the stationary distribution of (A,,,T,). Since A,, and T,,, are inde-
pendent we have that pi4 r(a,t) = P{A,, =a}P{T,, =t}. We note that A,, ~ 1 +
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S G (i) or 1+ T,y We have that Y277 G(i) is a negative binomial (NB) ran-
dom variable with h® — 1 successes and parameter p;. Let p(a) = P{A =a}. Then,
p(a) = P{NB = a — 1}, where p(a) is (/- %)p""~1¢2~"" for h* > 2. For h* = 1 since
A =1w.p.1, we have p(1) = 1 and p(a) = 0,Va # 1. Now, we simplify the denominator

of (2.21). We know E[G,,,(h*)] = 1/ps and E[T,,] = (h® — 1)/ps. It can be shown that the

. . Ts—1 s o0 s Ts—1 s .
denominatoris > °" " p(a) (Ts —a+ z—) +3 02, pla) =370 pla)(re—a)+ 1. Sim-
ilarly, the numerator can be written as asumofa € {1,..., 7, — 1} and a € {7s,..., 0}

and simplified using the second moment of the sum of geometric random variables (a term
E[(Gp(h*) + T},)?] can be simplified as 2072 (%)2), leading to the final answer.

P2
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Chapter 3
Priority-Index Based Sampling and Schedul-

ing Policies for Minimization of Average
Age of Incorrect Information in Time-Slotted
Multi-hop Networks

3.1 Introduction and Prior Work

The application of remote estimation over wireless networks has gained importance in
many use-cases, such as industrial network control [95], video surveillance [96], autonomous
driving (unmanned vehicles) [97] and agriculture [98]. In such scenarios, networks are de-
ployed over large areas using low-power devices, resulting in a multihop network topology.
Scheduling policies for multihop networks must be carefully designed and optimized based
on application-specific, goal-oriented performance metrics. One such metric is the Age of
Incorrect Information (Aoll) [3, 99], which is particularly relevant for these applications
and serves as a useful metric for network optimization. In the literature, prior work on
scheduling in wireless networks has primarily focused on information freshness metrics
such as Age of Information (Aol) for both single-hop and multihop networks. However,
studies on Aoll are limited to single-hop networks [52, 53], and, to the best of our knowl-
edge, no work has addressed Aoll in multihop networks.

This chapter presents, for the first time, a scheduling policy for minimizing the average
Aoll (AAoll) in multihop networks. Specifically, we address this gap by designing sam-

“This chapter is based on the manuscript by Nibin Raj, Vineeth B.S., “Design of Centralized Scheduling
Policies for Minimizing Average Age of Incorrect Information in Multi-Hop Wireless Networks With Inter-
ference,” in IEEE Access, vol. 14, pp. 42956-42974, March 2026, doi: 10.1109/ACCESS.2026.3674431.
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pling and scheduling policies to minimize the AAoll in multihop wireless networks. We
consider a time-slotted system in which source nodes in the network monitor piecewise-
constant, continuous-valued random processes, with changes occurring at random time
slots. The source processes are sampled, packetized, and then transmitted to the central
node (sink node) over a multihop network with a routing tree topology for remote estima-
tion of each source process. A sampling and scheduling policy controls both the sampling
times and the link scheduling for transmitting packets to the central node. We also con-
sider networks with interference, meaning that the link transmission decisions made by the
scheduler must satisfy the interference constraints. In this chapter, we restrict our scope to
the class of centralized scheduling policies rather than distributed ones. This choice is mo-
tivated by practical protocols that employ centralized schedulers, such as IEEE 802.15.4e
TSCH (Time-Slotted Channel Hopping) [4] with a Path Computation Element, or Wire-
lessHART [90] with a Network Manager. For ease of implementation and to reduce control
signaling overhead, we consider centralized scheduling policies that are implementable at
the central node (referred to as implementable policies), using limited information obtained
from received packets, such as packet timestamps, along with static information about the
network topology, interference constraints, and source models. This is in contrast to the
Age-Difference policy from prior work [9], which performs scheduling to optimize infor-
mation freshness in multihop networks by assuming that real-time Aol information at all
nodes is available to minimize the average Aol. The AAoll minimization problem for cen-
tralized multihop policies can be formulated as a partially observable Markov decision pro-
cess (POMDP). The problem is partially observable because the centralized scheduler does
not directly observe the Aoll evolution of the source nodes. Solving such a POMDP is chal-
lenging. Therefore, we propose novel, implementable centralized sampling and scheduling
policies using an alternative approach. Specifically, we first consider AAoll minimization
over a class of policies referred to as genie policies, which have access to additional infor-
mation. We show that a tractable restless multi-armed bandit (RMAB) formulation can be
developed for this class of genie policies, which is then used to derive the corresponding
Whittle index policies. Using these genie-based Whittle index policies, we propose imple-
mentable policies. The AAoll performance of these policies is evaluated through simula-
tions. Due to the absence of prior policies that minimize AAoll, we compare the AAolI of
the proposed implementable policies with other heuristic implementable policies, demon-
strating the advantages and utility of our approach. Although Whittle index policies are not

directly implementable, they serve as useful baselines for performance comparison.
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3.1.1 Prior Work

Aoll was initially introduced as a metric for remote estimation in [3], and its utility as a
goal-oriented performance measure was further investigated in [99]. Previous studies have
primarily considered point-to-point or single-hop communication network settings. Aoll
minimization for the remote estimation of symmetric binary Markov sources over point-to-
point links with transmission delays was investigated in [52, 53], where optimal scheduling
policies were derived. An extension to this setting is considered in [54], where the Markov
source model is assumed to be unknown. In [55], Chen et al. considered the problem of
designing scheduling policies that minimize the Aoll for a point-to-point link with ran-
dom delays, where the scheduler can also decide to preempt the current transmission. Aoll
minimization subject to power constraints was considered in [56]. We now discuss prior
works on Aoll in single-hop networks as follows. In slotted ALOHA networks, Nayak et
al. considered the design of decentralized policies for minimizing AAoll [57]. The Aoll
performance of a slotted ALOHA network without feedback was analyzed in [58], assum-
ing that the source processes evolve according to a two-state Markov chain. Tripathi et
al. investigated distributed CSMA protocols for minimizing Aol in single-hop networks.
In a later extension, the authors considered Aoll minimization under a source model com-
prising independently evolving symmetric two-state Markov chains [59]. In [60], real-time
tracking of partially observable Markov sources in a single-hop energy harvesting system

is discussed.

We now provide a brief overview of prior works on Aol in multi-hop networks. The Aol
of a source node at the central node is defined as the time elapsed since the most recently
received update from that source was generated. Several studies have investigated Aol in
multi-hop networks under different network settings, including average Aol minimization
under stationary randomized policies [42], interference-free multi-hop information flows
[43], ring topologies and multi-source time-slotted networks [44, 47], as well as general
multi-hop networks and multicast settings [9, 100]. In contrast to these works, we consider
the AAoll metric and focus on implementing centralized scheduling policies that utilize

only the information available at the central node from the received data packets.

In prior work, RMAB formulations have been used in single-hop networks for design-
ing scheduling policies. For instance, in [101], a time-slotted system is considered where
the base station needs to update multiple users simultaneously, with the goal of minimizing
the Aoll metric under imperfect channel state information. The problem is formulated as
an RMAB, and Whittle index—based policies are proposed in [101]. In another work, [102]
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proposed a heuristic scheduling policy that minimizes Aoll while multiple source nodes
send their status updates to a central node. The scheduler does not know the instantaneous
state of the sources until the packets reach the central entity. A closed-form Whittle index
policy for scheduling in a single-hop multiuser system is proposed to minimize Aoll [103].
A detailed summary of prior policies, highlighting the novelty of studying implementable
centralized scheduling for minimizing AAoll in multi-hop networks, is provided in Table
3.1.

3.1.2 Contributions

1. The main contribution is the development of two centralized sampling and scheduling
policies that minimize the AAoll. These policies are implemented at a central node,
which relies only on the information available from the packets received, rather than
real-time information from the nodes in the network. Specifically, the policies are
designed for multihop networks under complete interference, K '-hop interference, as

well as a general interference model.

2. A direct formulation of the centralized policy design is shown to be a POMDP, whose
solution is challenging, as discussed in Section 3.2. We approach this problem differ-
ently by considering policies with additional information, referred to as genie poli-
cies, which transform the design problem into a Markov decision process. However,
this formulation remains intractable due to the high dimensionality of the associated

state space, as also discussed in Section 3.2.

3. A tractable RMAB formulation is proposed for the Aoll-minimizing policy design
problem by considering genie policies that maintain at most a single packet per

source in the network at any time, as discussed in Section 3.3.

4. In Section 3.3, we discuss the indexability of the RMAB and provide a novel ana-
lytical derivation of the Whittle indices, which are similar to marginal productivity
indices [104]. For the Whittle index derivation, we also obtain analytical characteri-
zations of the Aoll under threshold policies for multihop networks. These derivations

may be of independent interest and are presented in Propositions 3.1 and 3.3.

5. The proposed implementable and centralized policies are obtained from the Whittle

index policies.
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6. Due to the absence of implementable centralized policies for minimizing AAoll in
prior work, we compare the AAoll performance of the proposed policies with heuris-
tic approaches such as randomized and Aol-index-based policies, which also rely
only on information from received packets. We show that the proposed policies
achieve lower AAoll. For instance, the Aoll under the Aol-index-based heuristic
is 322.28% of that achieved by the proposed policies for tree topologies with 5-hop

interference. Detailed comparisons are presented in Section 3.6.

For the class of genie policies, we compare the performance of the proposed index
policies with the Age-Difference policy [9], evaluated in terms of AAoll, and show that the
proposed policies achieve lower AAoll. This also demonstrates that the RMAB formulation
is a reasonable approach for the Aoll policy design problem. A summary of the proposed

policies and their information requirements for scheduling is provided in Table 3.1.

Table 3.1: Sampling and scheduling policies in this chapter and comparisons with prior
work. The last three policies are implementable at the central node.

Policy Multi-hop Metric Comments:

(Xorv) used Information Required for Scheduler
Sample-at- X Aoll Source state change and Channel status
Change [52] (via ACK)
Zero-Wait [52] X Aoll Only channel availability (ACK), No

source state needed

Learning-based
Observed feedback (ACK/NACK)

scheduling ] o
. X Aoll History of transmissions and outcomes
with parameter ) o
Online parameter estimation

estimation [54]

Preemptive X Aoll Source-change arrivals, Channel status

scheduling [55] and transmission progress

Threshold-based

. X Aoll Aoll value, Channel success probability,
policy [56, 101, 102]

Source transition probabilities

Continued on next page
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Polic Multi-hop Metric Comments:
i
y (Xorv) used Information Required for Scheduler
Decentralized
probabilistic
oo X Aoll Aoll value, Channel state or success
transmission .
. probability
policy [57]
Semantic-aware
sampling and X Distortion, | Belief state, Transition model,
transmission [60] Aoll Observations
Dynamic
programming and X Aoll, Aoll/QAolII of each user, Channel
Index [103] QAoll contention model, QoS constraints
Network topology, Set of activation
Stationary- Ve Aol sets, Probability distribution over
Randomized [9] activation sets.
) Network topology, Set of activation sets,
Age-Difference v Aol ) ]
(9] Aol of each source at intermediate nodes.
Network topology, Set of activation sets,
Tindex [ This v (Centralized- Aoll Source state change probabilities, Aoll
chapter] Genie) of each source.
Network topology, Set of activation sets,
Source state change probabilities, Aoll
Tndexp [This v (Centralized- Aoll " g P ]
. of each source, Process evolution of
chapter] Genie)
each source.
Network topology, Set of activation sets,
) ) Source state change probabilities,
7y (main cont.) v (Centralized) Aoll i
) Aoll estimate of each source at central
[This chapter]
node.
Network topology, Set of activation sets,
. . Source state change probabilities,
my.p (main cont.) | v (Centralized) Aoll

[This chapter]

Aoll estimate, Aol of each source at

central node.

Continued on next page
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Policy Multi-hop Metric Comments:
(Xorv) used Information Required for Scheduler
Network topology, Set of activation sets,
7h-a (heuristic) v (Centralized) Aoll Source state change probabilities,
[This chapter] Aol of each source at central node.

Notations: The notations used in this chapter are given in Table 3.2.

Table 3.2: List of symbols and their descriptions used in Chapter 3

Symbol Description

[M] Set of integers {1,2,..., M}.

G = (V,€&) | Directed tree representing the multi-hop network, where V is the set of
nodes and £ is the set of directed edges.

S Set of source nodes (sensor nodes) that generate packets for the root
node.

U] Cardinality of the node set U.

(i,7) € € | Directed edge from node 7 to node j, representing a communication link

from : to j.

Link activation on link (i, j) for source s.

Sampling of source s and activation of link (s, 7).

e Interference graph.

K Parameter defining the K -hop interference model, with K €
{1,2,...}.

Ul(t) Activation set at time slot .

Uug, Element of the activation set U (t) representing a link activation of the
form (s, (4,7)).

X*(t) State of the monitored process for source s € S at time slot £.

p; (or ;)

Probability that the process X *(t) transitions (or does not transition) to

a new state at the beginning of slot ¢, where ¢ = 1 — p?.

3 (z) Probability density function used to sample the new state of X *(¢) when
a transition occurs.

G*(t) Generation time of the last successfully received packet from source s
at the root node 0.

X*(t) Actual state of the monitored process for source s € S at time slot .
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X5 (t) Remote estimate of the process state X *(¢) at the root node 0 for source
s.
A% (t) Aoll of source s at the root node 0 at time slot ¢.
Ve(t) Latest time slot (including t) at which the remote estimate X*(t) of
source s was correct.
T Scheduling policy that determines the evolution of X*(¢) and A*(t).
Zﬂ(s) Time-averaged Aoll of source s under scheduling policy 7.
A" Average Age of Incorrect Information (AAoll) of the entire system un-
der scheduling policy , i.e., averaged across all sources.
H (1) Hop distance from node 0 to the node currently buffering source s’s
packet at time ¢.
0 Time elapsed since the currently buffered packet of source s was
generated.
Eﬂ(s) Average fraction of time that source s is scheduled under policy 7.
D" Sum of D" (s) over all sources under policy 7.
Ts Threshold value associated with source s.
e, Class of centralized sampling and scheduling policies (centralized at
node 0) that use the network information available at node 0.
Class of centralized-genie policies (C-GA) that, in addition to the
Ie_ga information available to II~_q, also have access to the Aoll values
A5 (t) for all s.
Class of centralized genie policies (C-G) that, in addition to the
IIe_q information available to IIo_g 4, also know the full state history
X*(t) for each source s.
Mo 1p Subset of IIo_ consisting of policies that maintain at most one
packet per source in the network.
Subset of IIo_g4 consisting of policies that maintain at most one
He-ga-1p .
packet per source in the network.
Class of centralized policies (C-A) that, in addition to the information
Io_a available to II-_g, also have access to the Aol of every
source at every node in the network at time .
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3.2 System Model and Problem Statement

We consider the same network model as in Chapter 2. Specifically, the network is modeled
as a directed tree G = (V,E), where V denotes the set of nodes and £ denotes the set of
communication links in the routing tree. All other assumptions: with respect to links, the
time-slotted nature of the system evolution, the interference model, and the definitions of
the sampling and scheduling policy definitions remain the same and are not repeated here.

We now discuss the source and packet generation model in detail. For each source
s € S, the state of the monitored process at time ¢ is denoted by X*(¢) € R. The process
X*(t) is modeled as a piecewise constant process. For example, X *(¢) may represent the
slope in a piecewise linear model used for sensor output modeling [16]. The evolution of
X*(t) is described as follows. At the beginning of time slot ¢, the process X *() transitions
to a new state with probability p?, by independently sampling from a probability density
function f*X(x). For example, a uniform distribution U(—mg, ms), with m; > 0, may be
used. Otherwise, the process remains in its current state with probability g0 = 1 — p;. The

evolution of the process X *(¢) at time ¢ + 1 is given by,

X P ¢
Xt 4 1) = (t),  wp. g, A1)

~ f3(x), w.p.p.

In a time slot ¢, if the schedule includes the link activation (s, (s, j)), then the source
node s samples the process X *(t) and generates a packet containing the value X*(¢), along
with its generation time slot embedded in it. This packet is then forwarded to node j and
subsequently forwarded to the central node over the multihop network for remote estima-
tion. Let G*(t) denote the generation time of the most recently successfully received packet
from source s at node 0. The remote estimate of the process X*(¢) at node 0 is denoted by
X¥(t). We define the estimate as X*(t) = X*(G*(t)), i.e., the value carried by the most
recently received packet from source s, similar to the definition of the remote estimate in
[102]. The main assumptions in the network and source model has been added as a Table
3.3.

We consider Aoll as the performance metric, motivated by the remote estimation appli-

cation. The Aoll of a source s at node 0 is defined as a function A°(t) as follows:

A%(t) =t —V*(b), (3.2)
where 1*(t) denotes the most recent time slot up to and including time ¢ at which the remote

57



Table 3.3: A summary of the main assumptions used in this chapter

Main Assumptions
1. Multihop network model, Convergecast over a tree routing topology
2. Interference models: Complete, K-hop, and general interference models
3. Scheduler: decision on multiple links that satisfy the K-hop interference constraints
which can be activated simultaneously.
4. Source process: Piecewise constant process with random change times.

estimate of source s, X *(t), was correct, i.e., V*(t) = max {t’ ' <tand X*(t') = X'S(t’)}.
The evolution of X*(¢) and A*(¢) depends on the policy «r. The AAoll for a source s under

policy 7 is defined as:

- . 1 S gsrnn Asfn
A'(s) = 11;nj£pf;1@[z4 (1)|A4°(0) = 0], (3.3)

where we assume that the initial AoIl A%(0) is 0. The AAoII for the system under policy 7
1s defined as,

. > A(s) (3.4)

=

Remark 3.1. For a source s, once the Aoll A°(t) is positive, then the Aoll becomes zero at
aslot t' > t (i.e. A*(t') = 0) if the remote estimate X*(') and X*(#') become equal when
a packet is received at . For other source process models considered in prior work such as
discrete finite state Markov chains, A*(¢) may become 0 without a packet reception after
being positive if X*(¢) first changes and then returns to a state which is equal to X*(¢).
For such source processes, since characterizing Aoll may be complex, [105] introduced
the Aoll+ metric which measures the time that has elapsed since the first change. The Aoll
characterization that we obtain for our simplified source model is the Aoll+ for finite state

Markov chains (with same probability of leaving any state).

We consider node 0 as a special node that performs both remote estimation and central-
ized scheduling. We denote by II-_ the set of centralized sampling and scheduling poli-
cies, which have knowledge of the network topology, interference constraints, and source
model parameters such as p;, Vs € S. Here, C-0 indicates that the policies are centralized
at node 0. Using the packets received at node 0, a policy m € Ilz_g is assumed to know
the estimates (X*(7), G*(7)) for all 7 € {0, ...t} at the beginning of time slot ¢. At each
time slot ¢, the policy 7 selects an activation set U (), which may be a randomized function

of the information available up to time ¢. A policy in IIo_g is also called implementable.
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We consider the problem:
min A" (3.5)

mellc_g

We note that a policy m € Il_ cannot directly observe A*(t) for all s. An approach
to solve the problem (3.5) is to formulate it as a POMDP. This requires defining a belief
distribution B°(a,t) for each source s, where B°(a, t) represents the belief at node 0 that
the Aoll is a at the beginning of time slot ¢. Such a formulation has been adopted in [102]
for single-hop networks. The evolution from B*(a,t) to B*(a,t + 1) can be specified as
a function of whether source s is scheduled in time slot ¢, whether the packet is success-
fully received at node 0, and the process change probabilities, as described in [102]. For
instance, in a single-hop network with reliable link transmissions, scheduling source s in
time slot ¢ results in the generation and successful transmission of a new packet to node 0.
Consequently, B*(0,¢ + 1) = 1 — pg, which represents the probability that X *(¢) does not
change within the slot, so that X*(t + 1) = X*(t) = X*(t + 1). For the case when a > 0,
B*(a,t + 1) can be specified as in [102]. However, this approach cannot be directly ex-
tended to multihop networks, as it becomes significantly more challenging. In a multihop
network, additional state information or a history of past decisions is required to evolve the
belief state from one slot to the next.

To illustrate this, note that the evolution of the belief for a source s depends on whether

its packet is received or not. However, determining whether a packet from s is present at a
node (say ¢) one hop away from node 0 requires knowledge of past scheduling decisions,
specifically whether such a packet has been forwarded from s to 7. This necessitates either
maintaining the history of scheduling decisions or introducing additional state variables to
track packets from source s within the network!, which leads to a POMDP with a large state
space. Based on this observation, the POMDP approach does not appear to be tractable for
multihop networks.
Genie Policies: We consider policies in which the scheduler has access to the AoIl A*(¢) or
the process state X *(¢) for every source s. Such policies are referred to as genie policies,
Note that these policies are not implementable (i.e., ¢ IIo_g). However, they serve as a
useful analytical tool to derive implementable policies in [1o_.

Two sets of genie policies are defined, each assumed to have access to additional in-
formation compared to what is available to Ilo_g. Firstly, IIo.ga, where C-GA denotes

Centralized-Genie with Aoll information. Policies in this set have access to additional in-

'In networks with unreliable link transmissions, a packet may or may not be successfully forwarded from
a node to its parent in G. Therefore, it may also be necessary to consider belief distributions over packet
occupancies at nodes.
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formation. In each time slot ¢, these policies are assumed to know: (a) the packets in the
node buffers for every node and source in the network, (b) the packet contents, and (c) the
Aoll (A®(t),Vs). Additionally, such policies can maintain the history of packet and Aoll
evolution up to time slot ¢. The second class of policies is denoted by I, where C-G
denotes Centralized-Genie. These policies are assumed to have access to additional infor-
mation such as (X*(0),..., X*(¢)), in addition to the information available to IIo.4. We

consider the following:

() min A"and () min A" (3.6)
m€llc_ga melle_a

The above problems can be formulated as Markov decision processes (MDPs). However,
as we shall see, these MDPs are also challenging to solve directly.
MDP Formulation: We consider the problems formulated in (3.6)-1 and (3.6)-1I. In prin-
ciple, each of these problems can be formulated as a Markov decision process (MDP). For
example, consider problem (3.6)-II. The state of the MDP at time slot ¢ consists of the
process states (X*(t),Vs), the Aoll values (A*(¢),Vs), the buffer states, and the packet
contents for every s € S and all nodes in the network. The action space is the collection
of all activation sets that satisfy the interference constraints. The scheduling policy selects
an activation set U (¢) at each time slot ¢, possibly as a randomized function of the network
state at that time. The single-stage cost of the MDP is given by ) . A*(t). Given the net-
work state and the activation set in time slot ¢ (determined by the scheduling policy 7), the
state of the network at time ¢ + 1 can be obtained. In principle, the solution to this average-
cost MDP yields an optimal policy for minimizing AAoll. However, solving this MDP is
challenging due to the high dimensionality of the state space. A similar argument applies
to the problem in (3.6)-1. In the following, we show that (3.6-1, II) can be formulated as
RMABs by making a further restriction that only a single packet from a source is allowed
in the network at any time t. The RMABs are tractable and corresponding Whittle index
policies can be obtained. The Whittle index policies are used to obtain implementable

scheduling policies for (3.5).

3.3 RMAB Formulations and Whittle Index based Genie

Policies

In this section, we define the RMAB formulation and derive Whittle index—based genie

policies. We introduce Ilc.c.1p, a subset of IIo., which consists of genie policies that
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maintain at most one packet in the network for each source. Under these policies, a new
packet is not generated until the previously generated packet has been delivered from source
s to node 0. The reason for this restriction is described as follows. Any policy m € o
is a genie policy with knowledge of (X*(7), 7 < t). Therefore, if X*(t) # X°(t —1), a
change has occurred, and such a policy 7 already knows at the beginning of slot ¢ whether
a change has occurred. If a change has occurred, there is no benefit in continuing the
transmission of the current packet, as it contains stale information. Consequently, even
if the packet is delivered, it does not help in reducing the Aoll A%(¢). Hence the policy
m € lle_¢_1p immediately drops or pre-empts the current packet from the source s with
X*(t) # X*(t—1), this is defined as pre-emption on change property. If the transmission of
the current packet from source s is preempted due to a change in X *(¢), then thereafter, in
any time slot (including the current slot), if source s is scheduled, a new packet is generated

and transmitted from s to its parent node in the tree.

We also define a subset [Io_ga_1p C Ilg_ga of policies for which at most a single

packet per source is present in the network, motivated by the definition of Ilo_g_1p.

3.3.1 RMAB Formulation for (3.6-I)

We first consider the network under a complete interference model. In Section 3.5, we then
discuss cases such as K -hop interference as well as a general interference model. In the
complete interference case, for 7 € Ilo.ga.1p, the scheduling decision in each time slot
reduces to selecting a source for transmission. Once a source is selected, the link (i, j) is
activated, where node ¢ buffers the source’s current undelivered packet. For the policies
considered, the system evolution can be tracked using the Aoll A*(¢) and two additional
state variables, H*(t) and S*(¢), for each source s. The variable H*(t) is defined as the
hop distance from node 0 to node 7, where node ¢ buffers the packet of source s in slot ¢.
Since we consider a tree network, there exists a unique path from each source to node 0.
Hence, H*(t) uniquely identifies the node buffering the source’s current packet (as each
source has at most one packet in the network). Also, S*(t) is defined as the time elapsed
since the current packet from source s was generated, which is useful for determining the
evolution of A*(¢). We note that if source s does not have a packet in transmission, then
S%(t) = 0and H*(t) = h®, where h® denotes the hop distance of source s from node 0. For
the system, we define the state vector ((A*(t), S*(t), H*(t)),Vs € S). We also introduce an
indicator variable D*(t), which specifies whether source s is scheduled in slot ¢ (D*(¢t) = 1,

active) or not (D*(t) = 0, passive) under a policy 7. The evolution of the state vector from
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Table 3.4: Evolution of (A*(t),S*(t), H*(t)) from ¢ to ¢ + 1 for any source s based on
D#(t) (in columns). Different cases based on the current values of A*(t), S*(t), and H*(t)
are shown.

D¥(t) =0 D¥(t) =1
0.if H*(t) = h* 0,if Ho(t) = 1
S(t+1)|= =
S°(t) + 1, olw S°(t) + 1, 0olw
r s
0, w.p. gl if
0, w.p. qc} if 1, w.p. po A°(t) =0
1, w.p. A() =0 |
W.p. Pe A(t) +1,
if (H*(t) > 1and A%(t) > 0)
s D = or
AT+ 1) A (H*(t) =1and
0 < A3(t) < S4(t))
058, R
s an
A PEORE
L L ¢
Hét)—1,ifHS(t) > 1
H (¢ + 1) = H*(¢) -
e, it Ho(t) = 1

time ¢ to ¢ + 1, as a function of D*(¢), is shown in Table 3.4.

For a policy 7 € Ilc.ga1p, the process ((A%(t), S*(t), H*(t)),Vs € S) forms a con-

trolled Markov chain (MC). The state space is the Cartesian product X scs (Z4 X Z X [h?]).
The action space is S since the action in every slot is to choose a source s to be scheduled.
For a particular state vector ((as, ss, hs),Vs) we define a single stage cost as ) _a,. We
note that the problem of AAoll minimization, as defined in (5.2), can be formulated as
an average-cost Markov decision process (MDP), with state transitions as described in Ta-
ble 3.4.
Whittle’s Approach: The MDP is a RMAB problem, which is PSPACE-hard [106].
The computational difficulty arises from the coupling between the evolution of individual
sources due to the hard constraint that only a single source can be scheduled in each time
slot. An approach that is useful for such problems is due to Whittle [91], in which the hard
constraint that only a single source can be scheduled is relaxed to an average constraint.

To formalize this, let D" (s) be the average fraction of time that source s is scheduled

under policy 7, given by,

D" (s) = lim %ZEDS(t) (3.7)
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Figure 3.1: Threshold structure of the optimal policy for the MDP for a single source with
h® = 5, for different values of \.

Also, let D" be the average fraction of time that system is scheduled under policy T,
given by, D" = 3" D" (s). Then, the relaxed problem in Whittle’s approach is:

min A" such that D" < 1. (3.8)

Using a Lagrange multiplier approach, the relaxed problem can be solved as an MDP with
average cost A" + A\D", where A\ > 0 is a Lagrange multiplier. We denote this MDP as
Lagrange-MDP (L-MDP). The single stage cost of L-MDP is given by > as + A)__d;,
where d; € {0, 1} indicates the action of selecting source s and represents a realization of
D#(t). L-MDP decouples to |S| MDPs, where each MDP corresponds to that of a single
source with state (A*(t), S*(t), H*(t)) and single stage cost as + Ads. We denote the MDP
with average cost criterion corresponding to a single source as single-source MDP (SS-
MDP). For a source s, the objective of SS-MDP is

mﬂinzw(s) + )\Eﬂ(s), (3.9)

where now 7 is a policy for a single source that decides D*(t).

For a source with h* = 5, we illustrate the optimal policies for the SS-MDP in Fig. 3.1.
The optimal policies are obtained by solving an equivalent semi-Markov decision process
(SMDP) using value iteration [107, Chapter 7]. A detailed discussion is provided in Ap-
pendix 3.A.

For a given value of )\, the optimal policy for the SS-MDP is observed to be a threshold
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policy on age, meaning that the source is scheduled (D*(t) = 1) if A*(t) > 74, and not
scheduled (D*(t) = 0) otherwise. Here, 7; is a threshold parameter associated with source
s, which depends on s through /°. In Appendix 3.A, a detailed justification for the thresh-
old property is provided, showing that: (i) any optimal policy for the SS-MDP schedules
packets from source s to node 0 in 2° contiguous slots, (ii) this structural result allows the
SS-MDP to be reduced to SMDP, and (iii) for the SMDP, threshold policies are optimal.
Thus motivated, we proceed under the assumption that the optimal policy for the SS-MDP
is a threshold policy. For a threshold policy denoted as 7, with threshold 7, A" and D™

are characterized in the following proposition.?
Proposition 3.1. The AAoll under the threshold policy 7., is given by:
—O'5pcqg::q];(hs’q°) +0.5h°¢"" — 0.5h° + 3¢ — 0.5¢"
p 05+ % — 1 ifr.=0,  (3.10)

pcq;2h5 <2h82 7hs(125 (1+hs *2TS)+QghSTs (7'571)>
2(pe(hoqh® +(rs—1))+1) ’

if s > 0.

where p. is the probability that the state process at the source changes, h® is the hop dis-

tance from the source s to the sink, f(h®,q.) is a function related to the hop distance and
C P (RS 4(h®)2(r—1)242r—h"r2) =20 .

(e, Which is given by f(h®,q.) = - (ho+(h*) E:—1;3r rohtr?) o with r = qi For 74 = 0,

D™ =1, while for T, > 0, the average fraction of time that source s is scheduled under
h*pc

al* +hepe+(rs—1)peql®

policymis D"™ =

We discuss the proof in Appendix 3.B. Furthermore, a threshold policy with 7, = 0 is
observed to be not optimal for SS-MDP. We first illustrate this for an example in Fig. 3.2b,
where we show the (D", A"™) achieved for 7, € {0,1,2...,450}. The value of A™™
for 7, = 0 is more than that of 7, = 1. If 7, = 0, then the source s is always scheduled,
so that D" = 1. Furthermore, the behaviour of the policy is periodic, i.e., a packet is
generated at ¢ = 0 and transmitted hop-by-hop to 0 in ~° slots. Then, again another packet
is generated and transmitted to O in ~° slots and so on. Intuitively, there are cases where the
Aoll is 0 when the packet is generated and then the Aoll increases during the subsequent
h? slots. The policy with 7, = 1 generates a packet once the Aoll increases from 0, while
the policy with 7, = 0 has to wait for the current transmission of h® slots to end. Also,

—=Trg

since D" |7, =0> D

7s = 1, a zero-threshold policy is never optimal for SS-MDP.

2We suppress the superscript s in cases where the source s is clear from the context: e.g., p, instead of p3
in the proposition.
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Figure 3.2: (a) Optimal threshold 77(\) versus A for SS-MDP with 4* = 5 and p? = 0.1.
(b) Achievable pairs (D", A" ) under threshold policies as 7, € {0,1,...,450}. The
optimal trade-off obtained from (3.9) using \; = 10000/4° fori = 0, ..., 49 is also shown.

1

To obtain a policy for the RMAB, we now discuss indexability using 7. For a given
A, the optimal threshold 77 () is defined as:

argmin A" +AD"", G.11)

Ts
where A" and D" are obtained from Proposition 3.1.

Lemma 3.1. The AAoll A" is monotonically non-decreasing and D™ is monotonically

non-increasing with Ts.

The non-decreasing property of A™™ can be obtained by considering the terms contain-
ing 7, in the expression from Proposition 3.1. We observe that as 7, — 0o, A" * increases
linearly with 7,. Similarly, the non-increasing property of D" can also be inferred from

its expression.

Proposition 3.2. The optimal threshold 72 (\) is monotonically non-decreasing with .
Therefore, the RMAB is indexable.

Proof. The proof proceeds by contradiction. Suppose A\; < A and let /; = 72(\;) and
Ty = T2 (Ag). Suppose now that 7, < 77. From the assumed optimality we have that

AT D™ < AT 4N D,
A L D™ < AT 4+ ND



Using the monotonicity properties from Lemma 3.1 we then obtain that A, < A\; whichis a
contradiction. Therefore, 7(\) is monotonically-nondecreasing with A. Then, A increases
to oo, the set of states in which the optimal action is to be passive increases from () to the
whole state space. Therefore, the RMAB is indexable and we proceed to define a policy
for the RMAB based on Whittle indices. ]

We also illustrate the optimal threshold 77 () as a function of A € [0, 10000] in Fig. 3.2(a),
showing that as as )\ increases from —oo to co, the set of states in which the optimal action

is to be passive increases from () to the whole state space.

3.3.2 Whittle Index and Index policy Tngex

An instance of the state (A*(t), S*(t), H*(t)) for the SS-MDP is denoted as x5 = (as, s, hs).
The Whittle index w(x;) for a state x; is defined as the smallest value of A for which the
optimal action for state z; is to be passive or 0 [3]. For threshold policies, w(z;) is defined
as the smallest value of \ for which the threshold as + 1 is optimal. For any \ < w(z,),
the optimal action at state a5 is 1. We now show that this smallest value of A or w(zy) for
which the threshold is a, + 1 can be obtained using the characterization of A" and D™

from Proposition 3.1.
Proposition 3.3. The Whittle index w(x,) for state x5 = (as, Ss, hs) is

Zﬂ-as‘i’l _ Zﬂ-@s

w(xs) = =Tas T agil’

D™ —-D

(3.12)

Proof. Since the threshold a4 + 1 is optimal we have that for any other threshold value 7:
AT L D™ < AT 4 \DT.

This inequality holds only for some values of A. In order to find the smallest A, consider
T < as+ 1. Since A" > A" and D™ < D" for 7 < a, + 1 (see Fig. 3.2(b) for an
example), we have that any A for which as + 1 is optimal should satisfy:
Zﬂ'as-&-l . ZWT

AZW’

V71 <as+ 1.

The smallest value of \ or w(z;) is the largest value of the RHS in the above inequality.

Since the set of optimal achievable points (D", A™") is convex (see Fig. 3.2(b) for an
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example), the largest value is achieved for 7 = a,. Then, we have that the smallest value
of A or the Whittle index is

Remark 3.2. We note that the above characterization of the Whittle index is the same as
the Marginal Passivity Index proposed by Nifio-Mora [104] as well as the index in [108].
We note that our characterization of the index does not require finiteness of the state space,
and a nested active set structure obtained by adding single elements. However, our charac-
terization is specific to the problem considered and depends on the nature of the threshold

policy.

We propose a baseline policy 7ygex for the RMAB problem using the Whittle index
computed in Proposition 3.3. In slot ¢, for each source with state x,, the Whittle index
w(zs) is obtained. The 7gex policy schedules that source s with the maximum Whittle
index. We note that mgex € IIo_c4. The Whittle index policy is a heuristic for the original
MDFP. Its performance has been shown to be optimal in the asymptotic regime where the
number of SS-MDPs goes to infinite (e.g. for Aol in [109]). Our simulations show that our
proposed Whittle index based 7,qex policy, which is a genie policy, motivates the design of

implementable policies as well as serving as a useful baseline.

3.3.3 RMAB Formulation for (3.6-1I)

For policies in I[Io__1p we can again show that (3.6-11) is an RMAB. The evolution of the
system state, which includes the Aoll A®(t), Vs and the RMAB formulation, is discussed
in detail in Appendix 3.C. Again, using the approach by Whittle, we consider a Lagrangian
relaxation, which decouples the RMAB to individual MDPs for single sources. These
MDPs are similar to SS-MDPs in Section 3.3. We refer to these MDPs as SS-MDPs in the
following. For this SS-MDP, in Appendix 3.C, we show numerically that an optimal policy
is a threshold policy on the Aoll A%(t). The threshold policy 7., € Il¢_g_1p° in a slot ¢,
pre-empts s’s packet in transit if X*(¢) # X*(¢t — 1) and then schedules s if A*(t) > 7.

We obtain the following result (similar to Proposition 3.1) for a threshold policy.

3We abuse notation here: IIo_g_1 p is a class of genie scheduling policies for a single source.
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Figure 3.3: Transition diagram of the Markov chain modeling the evolution of the hop
distance of a packet from source s when scheduled in contiguous slots. The process starts
at h°, and state 0 denotes successful delivery. With probability p?, a packet is preempted
and a new packet starts at h*; otherwise, the hop distance decreases by one with probability

¢ =1-p:

Proposition 3.4. The AAoll of policy 7., with pre-emption on change is:

1 E[T(h*)+E[T(h*)?] .

2T IIED()] if s =0,

TS(T';_l)+TE[T(hS)]+E[T(hs)(TQ(hs)_l)]
oo (T —1)+E[T(h?)]

AT = (3.13)

if s > 0.

where p. is the probability that the state process at the source changes, and h’® is the hop
distance from the source s to 0. The random variable T (h*®) is the random time taken to
transmit a packet from s to 0 in contiguous slots with pre-emption on change (T (h®) is
characterized as the first hitting time to state O for the Markov chain in Fig. 3.3 with initial

s 0D : s _ E[T(h*)]
state h®). For 7, =0, D = 1, while for 7, > 0, D ™ = TG )R

We discuss the proof in Appendix 3.D and proceed under the assumption that an optimal
policy is a threshold policy. Indexability for the RMAB is shown as in Section 3.3 using
threshold policies.

3.3.4 Index Policy Tydex-p

We propose an index policy Tgexp € 1lo_g—1p. The Whittle index is computed as:

ZMSH . Zﬂas

Dﬂ'as Tag+1")

D

(3.14)

for a source with Aoll a,, and A" and D" are computed using Proposition 3.4. The
Tmdex-p POlicy schedules that source s with the maximum Whittle index (computed using

(3.14)) in slot t. The proof follows the same arguments as in Proposition 3.3.
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3.3.5 The Age-Difference Policy

We also define a class of centralized policies IIo_ 4, where C-A denotes Centralized with
Aol information. These policies have access to the Aol of every source at each node in
the network at slot ¢, in addition to the information available to Il . For implementation,
this requires knowledge of the differences in the Aol of a source between the transmitters
and receivers of links. The Age-Difference policy [9] is an element of IIo_ 4. Although
the Age-Difference policy was proposed for AAol minimization, we evaluate the AAoll

performance of this policy in the following.

3.4 Implementable Centralized Sampling and Scheduling

Policies

In this section, we present two heuristic policies, my and my_4, belonging to the class I1-_.

The policies are based on the index policies Tygex and Trndex-p-

34.1 Policy ma € oo

The policy 7y is designed such that it does not require exact knowledge of A*(¢) at the
scheduler. Instead, the scheduler maintains an estimate, denoted by As(t), of the expected
Aoll, i.e., E[A%(t)], for all s, at the root node. The scheduler is assumed to know the source
model parameter p’ (or equivalently ¢ = 1 — p)).

The estimate is computed as the expected Aoll over the possible realizations of the
source process. Let a denote the Aoll of source s at the generation time of its last suc-
cessfully received packet*. The value of a, together with the source parameter p? and the
elapsed time At since the last update, is used to compute fls(t + 1). The expected Aoll at
time ¢ + 1 is then given by:

As(t +1) = E[A%(t + 1) | A*(t)) = a, At, pi].

where ¢7 is the generation time of the last received update from source s. The expectation

“In the protocol considered in this chapter, the source is aware of the scheduling decisions made by the
scheduler in every slot. Therefore, the source can compute its remote estimate at node 0 and its own Aoll. At
each packet generation time, the Aoll is embedded in the packet transmitted to node 0. An alternative policy
that does not require such computation, but results in a larger AAoll, is discussed in Appendix 3.E.

69



can be computed as

At s\At—z g e
E[A'(t+ 1) | A'(E) = a, At ] = § 2=t ) e ife=0
(a+At)[1—(¢)™], ifa>0.

Thus, the scheduler updates Aoll estimate As (t) for each source s based on the most
recently received packet and the elapsed time. We propose heuristic policy 7y as follows.
For every source s, my computes the Whittle index by substituting as = As(t) (rounded to
the nearest integer) into (3.12), instead of using a, = A®(¢). The scheduler then selects the

source with the maximum Whittle index.

To implement 7y, in each slot the central node (which can be assumed to have higher
transmit power) broadcasts a control packet from node 0 to all nodes, indicating the iden-
tity of the scheduled source (say s). We also assume that packets are assigned sequence
numbers; accordingly, the control packet includes the sequence number of the packet to
be scheduled. The initial sequence numbers are assumed to be synchronized between the
scheduler and each source s. A node that has a packet from source s transmits it. If the
sequence number is new, a packet with that sequence number is generated at the source and
transmitted. The source does not generate a new packet for a sequence number for which

it has already generated a packet.

3.4.2 Policy mgp € 1o

We now propose a heuristic policy myp € Ilgo_o based on my. We assume that myp has
knowledge of the source-specific model parameters p°c (or equivalently ¢°c = 1 — p?).
Similar to 7y, the policy 7y p maintains an Aoll estimate As (t) for each source. The defini-
tion of A* (t) and its update rule remain the same as those used in 7y. In each slot, . p first
randomly preempts the packet of source s with probability p°e, independently across slots.
These probabilities are policy parameters and are heuristically chosen as 2/pc®. We also
define another policy belonging to the class II-_ 4. For each slot ¢ and source s, the policy
computes the delay d; = ¢ — 7, where ¢; denotes the packet generation time of the current
packet in transit for source s. If d; > 7, the source process is assumed to have changed,
and the policy preempts the current packet. Here, 7°d, for all s, are delay-threshold pa-
rameters, with a heuristic choice given by 7°d = 2/p?. The requirement of knowledge
of ¢; makes this policy an element of Il 4 rather than II¢_o. The Whittle index is then

computed by substituting a, = fls(t) (rounded to the nearest integer) into (3.14), instead
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of using a; = A®(t). The policy my.p then schedules the source with the maximum Whittle

index.

3.4.3 Policy mg.a € Ilc_

We also propose my.a, a heuristic policy similar to 7y, in which the Aol of each source at
node 0 is used in place of As(t) for a4 in (3.12) when computing the Whittle index. The
Aol of each source at node 0 is obtained from the generation times of the received packets.

In each slot, my.o schedules the source s with the maximum Whittle index.

3.4.4 Complexity of Scheduling Policies

For Tgex, TH», and 7., the decision in each slot requires O (M) operations. In contrast,
both Tyygexp and 7y p require O(M h;) computational complexity, where h,, = max; h®,
to determine the source to be scheduled. This is because a system of linear equations must
be solved to compute E[T'(h*)] and E[T'(h*)?] in Proposition 3.4, which are required to

evaluate the indices.

3.5 Implementable Policies for Networks with K-Hop and

General Interference Models

We first consider the K-hop interference model, in which two links can transmit concur-
rently in a slot if their hop distance is at least . We then discuss how the proposed
Tmdex and 7y policies can be extended to this setting (similar extensions apply to Tngex.p
and 7yp). Under this model, the policies can schedule multiple links concurrently, pro-
vided that the corresponding sources satisfy the /K'-hop interference constraints. We dis-
cuss how these multiple links are determined in the following. For any source s, there
exists a sequence of links (i.e., a path) through which packets are transmitted to node
0. For example, in the multiline network shown in Fig. 3.16(a), for node 7, the path is
7—6—5—4—3— 2— 0. First, we consider m,qex. In time slot ¢, we compute w;(t)
for all sources using (3.12) and Proposition 3.3. Based on H*(t) and the path correspond-
ing to source s, the transmitting link L(¢) is determined. Let £(t) = {L(t),Vs} denote
the set of all links that can transmit packets for all sources in slot ¢. For every link [ € L(t),
we also define

si(t) = argmax {ws(t) : Ls(t) =1} . (3.15)

S
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That is, for each link / that can transmit packets from multiple sources, we select the source
with the highest index. If multiple sources share the highest index, one of them is chosen
uniformly at random. Only the packet corresponding to the source s;(¢) with the highest
index is transmitted if link [ is scheduled. To determine the set of links that can be scheduled
concurrently, we consider the collection of all maximal independent sets Z of links.

The set of all independent sets is obtained from the interference graph of the tree under
the /-hop interference constraint. An auxiliary graph H is constructed, in which each edge
of the original graph G is represented as a node. An interference matrix is then computed,
where the entry at position (7, j) is set to 1 if the corresponding edges interfere, based on
their /-hop neighborhood in H. Using this matrix, the interference graph is formed, where
each node corresponds to an edge of G, and an edge exists between two nodes if their
corresponding edges interfere. The maximal independent sets [110] of this interference
graph are then identified. We note that, for a general interference model, the same approach

can be applied with Z defined accordingly. We choose

Z*(t) = arg_ergax Z W, (t) (t), (3.16)
¢ lei
We assume that w,,;) = 0 for any link [ that does not carry a packet from any source.

The selected set i(t) is the independent set that maximizes the sum of the indices of the
corresponding sources. If multiple such independent sets exist, one is chosen uniformly
at random. The policy 7qex 1S thus defined as the policy that schedules the set of sources
{s1(t),Vl € i(t)}. Similarly, the policy Tigexp € Ilc.g.1p preempts the packet of source s
and then schedules the set of sources {s;(¢), VI € i(¢)}. Note that, to obtain ¢(¢), the index
ws(t) is computed using (3.14). To derive implementable policies, we again consider the
Aoll estimates A%(¢). Since the links are lossless, the central node can determine L,(t)
for all s from the history of scheduling decisions. These Aoll estimates are then used to

compute w,(t), and subsequently s;(¢).

3.6 Simulations and Performance Analysis

Setup for Simulations: The comparisons are conducted across different network topolo-
gies and source parameters. The generation of the network topologies is described as fol-
lows. We consider line, multiline, and tree networks for varying network sizes M, with
S = [M]. A line network is a linear graph with nodes indexed from 0 to M, where each

node 7 transmits tonode 7 — 1 for¢ € 1,2,..., M. A tree network consists of top-subtrees,
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Figure 3.4: Simulated AAoll for line networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =
[M], under K -hop interference (K = 5).
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Figure 3.5: Simulated AAoll for multiline networks under different scheduling policies:
(a) homogeneous and (b) heterogeneous settings. Results are shown for varying M, with
S = [M], under K-hop interference (K = b5).
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Figure 3.6: Simulated AAolII for tree networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =
[M], under K -hop interference (K = 5).

where each top-subtree is defined as a subtree whose root is a child of node 0. A multiline
network is a tree with b top-subtrees, where each top-subtree has a line network structure.
For a multiline network, let n; denote the number of nodes in the i top-subtree for all
i € [b]. The values n; are sampled from a multinomial distribution with a total of M trials,
b mutually exclusive outcomes, and uniform probability for each outcome, ensuring that
Zle n; = M. In the experiments, we set b = 2 and generate 100 random graphs for each
value of M. In the experiments, we set b = 2 and generate 100 random graphs for each
M. Tree topologies are generated by uniformly sampling from all possible trees with M
nodes using a Priifer sequence-based construction method [93], with 100 random graphs
generated for every M.

We consider homogeneous networks, where each source s € S has p? = p. € (0, 1), as
well as heterogeneous networks, where each source s has a parameter p? € (0, 1). For the

homogeneous case, a single p. is chosen uniformly at random for each network from the

L1
3hm’ 2hm

the sink node 0. In the heterogeneous case, p; is assigned based on the hop distance /°: for

_1 . _1
3hm’ 2hm*

range [ } for all sources, where h,, = max, h® is the maximum hop distance from

sources with hop distances less than hm /2, pi = otherwise, pi =

3.6.1 Performance of Whittle Index-Based Policies

In this section, we evaluate the AAoll performance of the Whittle index based baseline
policies (Tpgex and meexp). Since these policies have access to additional information
compared to policies in [1o_, their AAoll performance intuitively provides a lower bound

on the AAolI achievable by policies in II-_j. We also evaluate the AAoll performance of
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Figure 3.7: Simulated AAolI for line networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =

[M], under complete interference.
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Figure 3.8: Simulated AAoll for multiline networks under different scheduling policies:
(a) homogeneous and (b) heterogeneous settings. Results are shown for varying M, with

S = [M], under complete interference.
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Figure 3.9: Simulated AAolI for tree networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =
[M], under complete interference.

the Age-Difference and Stationary-Randomized policies’ from [9] to assess and justify the
RMAB-based approach. In particular, lower AAoll values achieved by 7ngex and Tpgex-p
indicate the effectiveness of the RMAB framework for genie-aided policies. We note that
the AAoll performance of the Age-Difference policy [9] is evaluated, even though the

policy was originally designed for the Aol metric.

For line networks, we obtain the average A" as a function of M , as illustrated in Fig. 3.4.
For multiline and tree topologies, since 100 networks are generated for each M, we visu-
alize A" using scatter plots in Figs. 3.5 and 3.6. For each M, there are 100 points with
coordinates (M, Zﬂ), where each value of AAoll corresponds to a specific network real-
ization. The scatter plots illustrate the variation of A" across different networks for the
same )M under a given policy. We also plot the mean value of A" across the 100 networks
as a function of M for the multiline and tree topologies. The AAoll for line, multiline, and
tree networks is illustrated in Figs. 3.4, 3.5, and 3.6, respectively, for both homogeneous
and heterogeneous cases under K -hop interference with K = 5.

We also evaluate the performance of these policies under a complete interference model.
The results for line, multiline, and tree networks are illustrated in Figs. 3.7, 3.8, and 3.9.
For both interference models, the plots show that the Stationary-Randomized and Age-
Difference policies yield higher AAoll compared to the index-based policies mpgex and
Tmdex-p- Although we do not have explicit lower bounds on the AAoll for genie-aided poli-

cies, these results demonstrate that our RMAB formulations produce policies with lower

SFor the Stationary-Randomized scheduling policy, an activation set is chosen independently and uni-
formly at random from the set of feasible activation sets that satisfy the interference constraints in each slot.
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Figure 3.10: Simulated AAolI for line networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =
[M], under K -hop interference (K = 5).

AAOoII compared to heuristic approaches.

3.6.2 Performance of Implementable Policies

In this section, we compare the AAoll (A") performance of the proposed centralized
policies, my and 7my.p, with the Stationary-Randomized, my.a, and mpgexp policies. The
comparisons are carried out across different network topologies and source parameters un-
der both 5-hop and complete interference models. The results for 5-hop interference are
shown in Figs. 3.10, 3.11, and 3.12. For both homogeneous and heterogeneous cases,
the Stationary-Randomized policy and 7y 4 yield higher AAoll compared to the proposed
heuristic policies, my and myp. Notably, for line networks with M = 20, the AAoll of
Th.A 18 442.37% and 1146.88% of that of 7yp for the homogeneous and heterogeneous
cases, respectively (see Fig. 3.10). For multiline networks, the corresponding percentage
deviations are 331.97% and 817.56% for homogeneous and heterogeneous networks (see
Fig. 3.11). Similarly, for tree networks, the deviations of my. from 7p are 322.28% and
493.14% for M = 20 (see Fig. 3.12).

We next evaluate the performance of the proposed policies under complete interference,
shown in Figs. 3.13, 3.14, and 3.15. Under complete interference, all proposed heuristic
policies my, my.p, and my.o—exhibit similar performance, with 7p,¢ex.p serving as the lower
bound. The Stationary-Randomized policy yields higher AAoll in all cases. In contrast,
the AAOII of Tgex.p provides a lower bound for the proposed policies, highlighting the
advantage conferred by the additional information available to the genie-aided policies.

The Stationary-Randomized policy yields a higher AAoll for all cases. In all cases, the
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Figure 3.11: Simulated AAoll for multiline networks under different scheduling policies:
(a) homogeneous and (b) heterogeneous settings. Results are shown for varying M, with
S = [M], under K-hop interference (K = 5).
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Figure 3.12: Simulated AAolI for tree networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =
[M], under K -hop interference (K = 5).
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Figure 3.13: Simulated AAolI for line networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =
[M], under complete interference.
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Figure 3.14: Simulated AAoll for multiline networks under different scheduling policies:
(a) homogeneous and (b) heterogeneous settings. Results are shown for varying M, with
S = [M], under complete interference.
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Figure 3.15: Simulated AAoll for tree networks under different scheduling policies: (a)
homogeneous and (b) heterogeneous settings. Results are shown for varying M, with § =
[M], under complete interference.

AAOII of mpgexp bounds the Aoll for the proposed policies from below; the difference
illustrates the advantage due to the information available to genie policies. We also compare
the Aoll performance of the policies in a multiline network scenario (Fig. 3.16(a)) with two
sources, 1,7, under a complete interference model. The average Aoll, ﬁw, was simulated

for both homogeneous and heterogeneous cases across varying values of p’.

In the homogeneous case, both sources are assumed to have the same change probabil-
ity, p2, selected from the set {0.04,0.10,...,0.52}. In the heterogeneous case, the change
probability of source 1, pl, is varied over the set {0.01,0.03,...,0.09}, whereas source 7
is assigned a fixed change probability of p] = 0.3. Each p. value is simulated 10 times,
with A" shown as scatter points and the mean indicated by a thick line (Figs. 3.16(b) and
3.16(c)). For both cases, the heuristic policy my outperforms the Age-Difference policy,

illustrating the advantage of 7y, which is explicitly designed for Aoll minimization.

We also evaluate the performance of the proposed policies under the 5-hop interference
model, using the same multiline network shown in Fig. 3.16(a) and considering homoge-
neous and heterogeneous source cases for nodes 1 and 7, as in the previous scenario. In
both cases (Figs. 3.17(a) and (b)), the heuristic policy my achieves lower AAoll than the
Age-Difference policy, highlighting instances where an implementable centralized policy
outperforms a policy with access to additional information. The gap from the baseline is
expected because heuristic policies do not observe Aoll assumed by the baseline. Obtain-
ing improved lower bounds that account for the unavailability of Aoll information remains

an open problem and a potential direction for future research.
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Figure 3.16: (a) Example multiline network topology. Simulated AAoll for a multi-
line network with two sources, {1, 7}, under complete interference: (b) homogeneous
case with p, € {0.04,0.1,...,0.52}; (c) heterogeneous case where source 1 has p! €
{0.01,0.03,...,0.09} and source 7 has p7 = 0.3.

3.7 Other extensions

3.7.1 Discussion: Networks with link losses

In this section, we briefly discuss how policies can be obtained for networks with lossy
links under complete interference. For a link activation (s, (7, j)), the packet is assumed to
be successfully received with probability ps. This discussion can be generalized to the case
of link-dependent success probabilities; however, for ease of exposition, we assume that all
links have the same p,. If the transmission is unsuccessful, the packet is retained in node ¢’s
buffer, and retransmission is attempted the next time (s, (7, j)) is activated. We propose a
heuristic Whittle index—based policy derived from 7p,¢ex, using threshold policies in IIo_¢
for single-source MDPs. To compute the index, the expressions for A" * and D" for
threshold policies must be modified. This is achieved by redefining 7'(h*) as the random
time to reach state 0 starting from h° in the Markov chain shown in Fig. 3.18. The Markov
chain incorporates the effect of lossy links and determines the time required to successfully
deliver a packet within the interval during which the state process remains unchanged. For

K-hop and general interference models, genie-aided policies can be obtained using com-
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Figure 3.17: Simulated AAoll for a multiline network with two sources {1, 7} under a
5-hop interference model: (a) homogeneous case with p. € {0.04,0.1,...,0.52}, and (b)
heterogeneous case where source 1 has p! € {0.01,0.03,...,0.09} while source 7 has
fixed p’ = 0.1.

putations similar to (3.15) and (3.16), with the indices calculated using the modifications
discussed above. However, this approach does not generalize to implementable policies,
since even with knowledge of the scheduling history, L,(t) is not available at the central

node.

3.7.2 Discussion: Networks with multiple channels

In this section, we consider an extension to the case where there are C' orthogonal channels
which are available. Consider the case with complete interference. We note that for the set
of genie policies, i.e. [Io_¢, it is optimal to have only one packet in the system per source at
a time (see Section 3.3). Furthermore, for such policies, we have defined the Whittle index
based 77,4.. policy under the constraint that only one channel can be used. We note that
the extension of 7,4, to the case of C' orthogonal channels is direct (we have a RMAB
where C' arms can be activated at a time). The policy 77,4 now schedules C' sources with
the largest index values in a slot. We also note that prior results [111], [112] on RMABs
can be utilized to show that such genie index policies are asymptotically optimal in the
regime where both the number of sources M — oo and C' — oo such that the ratio C'/M is
maintained constant. The implementable policies 7y can be extended to the multichannel
case again by scheduling C' sources. Currently, we do not have any analytical bound for
the performance difference between 7y and 7;,4.,. Therefore, the asymptotic optimality

properties of 7 needs to be investigated.
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Figure 3.18: Transition diagram of a Markov chain modeling the evolution of the hop
distance of a packet from source s under contiguous scheduling in a lossy network. The
process starts at 7°, and state 0 denotes successful delivery. Here ¢ = 1 — p and ¢, =
1 — ps. With probability p?, a packet is preempted and restarts at ~°; otherwise, the hop
distance decreases by one when there is no change (with probability ¢7) and a successful
transmission (with probability p;).

3.8 Conclusions

In this chapter, we studied the design of centralized multi-hop sampling and scheduling
policies for minimizing the AAoll, a goal-oriented metric for remote estimation. Multi-hop
transmissions are subject to interference, which is modeled using complete interference,
K-hop interference, or general interference graphs. Designing such policies is challenging
because a direct formulation of the problem leads to an intractable POMDP, as the central-
ized scheduler does not have real-time access to information at all nodes in the network.
To address this, we proposed two novel centralized sampling and scheduling policies that
outperform the heuristic policies. Our approach began with genie-aided policies, which
assume full information availability at the scheduler. While this led to MDP formulations,
they remain intractable for networks with a large number of nodes due to high dimension-
ality. To overcome this, we formulated tractable RMAB problems by defining classes of
genie policies with the restriction that at most a single packet from each source is main-
tained in the network at any time. We derived the Whittle index based scheduling policies
Tindex and Tgexp- Based on these index policies, we proposed two novel implementable
centralized scheduling policies, my and 7y_p, for minimizing AAoll in multi-hop networks.
The superior performance of these proposed policies compared to two heuristic policies is
demonstrated through simulations. We note that the comparisons are made with respect to
heuristic policies, as no prior work in the literature considers AAoll minimization in multi-
hop networks. Comparing the AAoll performance of the centralized policies with the index

policies highlights the impact of the unavailability of real-time information at each node on
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the performance of the 7y and 7yp schedulers. For the class of genie policies, we compare
the performance of our index policies with the Age-Difference policy [9] (evaluated for
AAOoII) and show that our policies achieve lower AAoll. This demonstrates that the RMAB
formulation is a reasonable and effective approach for designing Aoll-minimizing policies

in multi-hop networks with interference and lossless links.
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Appendix

3.A Discussion: Justification for Threshold Policies

The state evolution of SS-MDP for a single source is also as in Table 3.4. In the propo-
sition below, we show that an optimal policy for SS-MDP schedules a source’s packet in
contiguous slots from the source at hop distance A° to the central node 0. This leads to a

simplification while solving SS-MDP.

Proposition 3.5. Any optimal policy for SS-MDP schedules a packet from source s to 0 in

h® contiguous slots.

Proof. We use a sample path argument to show that an optimal policy schedules packets
from a source s in h° contiguous slots. Assume that a sample path for the source process
X*(t) is given. Let 7* be an optimal policy for SS-MDP with a given A (the dependence of
7 on A is suppressed in the notation). For any sample path of X*(¢) there are an infinite
number of slots at which X*(¢) changes (assuming that p? > 0). Therefore, 7* schedules
the source s infinitely often since otherwise, AAoll would increase without bound.
Consider any time ¢; at which 7* schedules the source with the packet at hop distance
h?, i.e., it generates the packet and transmits the packet from the source to its parent. Since
each packet requires h*° slots to reach 0 and since 7* is an optimal policy, there exists
.., t; + dps_1 at which the source is scheduled. The
., ti + 0ps_1} is denoted as SD(t;) (note that §(y depends on ¢;). A total
of d,s_1 slots are used by 7* to transfer the packet to 0 of which only h® slots are actual

subsequent times t; + da, t; + 93, .

duration {t;, ..

transmissions.

Table 3.5: Evolution of the embedded Aoll A,,,; from A,, when scheduling decision
D,, € {0,1} for SMDP. The single stage cost ¢(A,,, Dy,,) of the SMDP is the sum of the
single stage cumulative Aoll cost (2nd column) and AD,,.

A Cumulative AolI cost
. . 0 w.p. qc
D,, =0 if Am =0 1 w.p. pc Am
if A,, >0 Ap+1wp. 1 A,
0 w.p. ¢ . ,
. ifA,,=0 |z w.p. q?sprc DPec Zzzl (Qéﬁ_w @)
D,, =1 ,
forx € {1,...,h%}
- 0 w.p. g he h® (h*=1)
if Ay, >0 A + h® W.p. 1—(](};5 (l_qC ) (Am+ 2 )
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Now, consider the first time ¢; at which 7* schedules the source. Consider another
policy 7" which is such that it schedules the source at times ¢1,¢; + 1,...,t; +h°* — 1 and
then does not schedule the source for ¢;,s_; — h® slots. We note that both 7* and 7’ schedule
the source’s packet for h® slots in SD(¢;). We define 7’ to not schedule the source before
t1 as well as during the slots between ¢; + dp,s_1 and ¢;, ;. For the durations SD(¢;), Vi > 1
we define 7’ similarly as in SD(¢;). Then, the time average limy_, 7 SO DA(t) is the
same for 7* and 7’.

We now consider the Aoll evolution under the policies 7* and 7’ for the given sample
path of X*(¢). Let A*(¢t) and A’(t) be the Aoll evolution under 7* and 7’ respectively.
At time 0, we assume that A*(0) = A’(0). Until the first slot ¢; the policy 7" as defined
above also does not schedule the source. Then A*(t;) = A’(¢;) and let this value be a.
Let §, be the number of slots after ¢; at which the process changes but within SD(¢;),
ie, 0, =min{l < < dps_y : X(t1 +9) # X (t1)}. If the process does not change, then

d, = (. We discuss three cases below.

1. a > 0 and X*(¢) is such that 5, = (): In this case, the state X *(¢) has not changed
for the duration 6s_1 + 1, and A*(ty + ps—1 + 1) = 0. Therefore, A’'(t; + h*) =0
and A'(t) < A*(t) fort € {t; + h®, ..., t; + Ops_1}. Also, A'(t; + 0ps—1 + 1) = 0.

2. a > 0 and X (¢) is such that §, # (): In this case, the process has changed while
the packet is being scheduled. Thus, delivering the packet does not make the remote
estimate match the process. However, if §, > h*, then A'(t; + h®) = 0 and for ¢ €
{ti+h% ..., 01+, — 1}, A'(t) < A*(t). Forevery t € {t; + 0y, ..., t1 + Ops_1}
we have that A'(t) < A*(¢) and A'(ty + dps—1) < A*(t1 + dps—1).

3. a = 0: Inthis case, if 6, = ), then A*(t) = A'(t) = Oforallt € {t1,...,t1 + dps_1}.
If 6, # 0, then A*(t) = A’(t), but their value can be positive. We note that A’(t; +
(Shs,1) - A*(tl + 6hs,1).

For all cases, we observe that during SD(t;), A'(t) < A*(t) and there are cases (which
over all sample paths occur with positive probability) for which the inequality is strict.
Also, at the end of SD(¢;), A'(t1 + dps—1) < A*(t1 + Ops—_1). Now, till the time to, A'(t) <
A*(t) as both " and 7* do not schedule the source. At ¢ty with A'(ty) < A*(ty) similar
arguments can be used to show that A’(t) < A*(¢) for all subsequent ¢ in SD(%3) and
for subsequent SD-s (with strict inequality for similar cases). Therefore, the sample path
average limy_,o 7 SO A < limpo T S°7 A*(t). Thus, the policy 7* cannot be
optimal for SS-MDP. Any optimal policy for SS-MDP should necessarily schedule the
source in h® contiguous slots. 0
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With the above structural result for SS-MDP’s optimal policies, we define decision
epochs for SS-MDP as either the first slot or slots following slots in which either the source
s was not scheduled or a packet was delivered to 0. Suppose m € Z., indexes these decision
epochs. At each decision epoch, the scheduler must decide whether to schedule the source
(denoted by D,,, = 1) or not (D,,, = 0). We denote the time to the next epoch as 7},,. Then
T,, = land h* for D,,, = 0 and 1 respectively. The Aoll embedded at these decision epochs
is denoted as A,,. The evolution of A,, to A,,,1 under D,, € {0,1} is Markov (the evo-

lution is shown in Table 3.5) under any stationary policy. Furthermore, if we define single
Z%;ol Ec(Am,Dm)
> =0 ETm

is time average Aoll. We note that a SMDP [107] can be defined with state A,,, decisions

stage costs ¢(A,,, D,,) as defined in Table 3.5, then the average limp;_,o

D,,, transition times 7, and single stage costs ¢(A,,, D,,) in order to obtain an optimal
policy for SS-MDP. The above SMDP can be solved using value iteration after data trans-
formation [107]. We illustrate the optimal policy obtained from value iteration for a source
with h* = 5 in Fig. 3.1. The optimal policy is observed to be a threshold policy on age,
1.e., the policy decides to schedule the source if a; > 7,, where 7; is a threshold which is a
function of s (through /*). Here note that a is a particular value of A,,,. A threshold policy
with threshold 7, is denoted as 7,,. An equivalent policy 7., for SS-MDP (which takes
decisions in every slot) can be defined, which schedules the source s if as; > 75, where a
is a particular value of A°(¢). The sample paths of 7., for SS-MDP are the same as that
for SMDP, since 7, schedules the source in 2° contiguous slots as A°(¢) is non-decreasing

until the packet reaches 0.

3.B Proof of Proposition 3.1

We separately consider two cases for the policy 7.,: a) 7, = 0 and b) 75 > 0.

a) 7, = 0: Since A*(t) > 0, the source is always scheduled. Therefore D™ = 1. We
also note that the evolution of H*(t) is periodic: H,(0) = h®, H(1) = h* — 1, ...,
Hy(h®* — 1) = 1 and then again H (h*) = h®, Hi(h®* + 1) = h®* — 1, .... We consider the
evolution of A*(t) embedded att € {0, h®,2h% ... nh® ...}. Let A, denote the embedded
age As(nh®). We note that A, is a Markov chain with transitions as described below:
Suppose A,, = 0, then A,,; = z,Vz € {1,...,h*} w. p. ¢ ®p.and A, = 0 w.p. ¢"".
If A, =a>0,then A,,; =0w.p. ¢" or A, 1 =a+h*wp. 1 —¢".

Now, to derive the stationary probability 7y, consider the probability generating func-
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tion (PGF) of A,,.1,

R[Z4+1] = Zwa [E[Z4+1| A, = d] —WOZZz “Tpe + mogt !

+Z7Ta g +(1—q. )Z‘”hs)

a>0

(3.17)

where 7, is the stationary joint probability of A, = a.

Setting Z = 0, we use the fact thatE[ZA"“HZ:O = P(A,41 = 0) = m. Thus the

stationary probability 7y under the threshold policy:

mo=moql + Y Taql =q! (mo+ Y Ta)

a>0 a>0 (3.18)
g q(]}s .

Now, the embedded Aoll is obtained asE[A,,+1] = E[E[A,4; | 4,]]. Conditioning on
Ay,
]E[AnJrl} = 7TOIE[AnJrI ‘ An = 0] + Zﬂ'aE[AnJrl ‘ An = a]'

a>0
hS
=m(>_ g " pe) + > mala+h*)(1 - g (3.19)
=0 a>0
s 1 s 1-— hs(1 — g
= (" +1) - ¢! ——(1—<J?>+( mo) hs( )
Pe 4c
Substituting 7y = ¢ (from (3.18)), we obtain,
S S S qhs 1
ElAp ] =1+ 05" —hs + b3 — ¢ + = — — (3.20)
yZ¢ Y2

The cumulative Aoll, denoted by C'(a), represents the total area under the Aoll evolu-
tion curve over one renewal interval, given that the system starts in state A,, = a. Under

the threshold policy, and using the Markov Renewal Reward Theorem (MRRT) [92], the

24 TaC(a)
hs

average Aoll is given by A" * = , which is expressed as follows.

0D g "G Pe + Vgno Talah® + )

hs
. (3.21)
=1 m pat f(h°,q), h(h° 1)

2 h8< 2¢2 )~ 2

p
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Finally, using E[A] from Eq. (3.20), we obtain the final expression as follows.

—TT. 0-5 C Qh‘s hs C S S S hs 1
A = Pl f2( Ge) | 0.5h%¢"" — 0.5h° + hq7"" — 0.5¢" + 05+ L — =
hoqe Pe Pe
(3.22)
where f(h*, g.) is a function related to the hop distance and ¢., which is given by f(h*, ¢.) =
rh® (hs+(hs)2(r—1)2+2r—h‘9r2)—27" . 1
=V , with r = o

b) 75 > 0: We consider the case where the threshold 7, > 0. We identify a renewal process
in the evolution of the MC (A*(¢), S*(t), H*(t)) and then use renewal reward theorem
(RRT) [92] to compute A" and D" . The renewal epochs of the process are defined
to be times at which MC has the state (0,0, ~°). It can be shown that starting from an
arbitrary state at ¢ = 0, the Markov chain reaches (0,0, 2*) in finite expected time®. We
now describe each renewal cycle. Consider the MC to be at state (0,0, h®) at a time .
Since 7, > 0, the source is not scheduled. We note that A%(¢),t > t, remains at zero till
the first time at which the source process X*(¢) changes. The time taken for the source
process to change is a Geometric(p.) random variable, which we denote as G;. The Aoll
A (t) starts incrementing from the slot ¢ = ¢y, + ;. We note that a further 7, — 1 slots are
required so that A®(.) > 7, and the source s is scheduled. Once A°(.) > 7 it is scheduled
contiguously for h® slots, since A®(.) increments until the packet reaches 0. At the end
of h* slots, A*(.) drops to 0 w.p. (¢)"" (which is the probability that the source value
has not changed for /° slots). If it does not drop to 0, then the source is again scheduled
contiguously for another A* slots (since A*(.) > 7,). This process continues until A*(.)
drops to 0. The number of slots taken for A°(.) to drop to zero is h*Gy where G5 is a
Geometric((q3)"") random variable. We note that whenever the packet reaches 0, S*(.)
and H*(.) are reset to 0 and h® respectively. So, the renewal cycle is the random time
G1 + 75 — 1 + h®G5. We note that the renewal cycles are IID with finite mean.

We note that in every renewal cycle, the cumulative duration of time for which the
source is scheduled is given by h*EG5. Using RRT, we have that

Eﬂrs _ E[G2]hs
N E[Gi] + (15 — 1) + E[G5]h® (3.23)
hpe '

@ 4 hepe + (1 — Dpegh?

%The first renewal cycle has a different distribution, however this does not affect the averages obtained
using RRT and is not discussed further here.
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Table 3.6: Evolution of A%(t), S*(t), and H*(¢) from time ¢ to t+1 for policies in [Io_g_1p
under Case I: X*(t) # X*(t — 1) and Case II: X*(t) = X*(t — 1).

Dy(t) =0 D,(t) =1
S*(t+1) |0 0
Casel | A*(t+ 1) | A1) +1 A +1
H(t+1) | h B
S5(t+ 1) S*(t) + 1,if He(t) < h®, | S*(t) + 1,if H*(t) > 1,
Case II S*(t), if H*(t) = h*. 0,if H*(t) = 1.
if 1 () > 1:
0,if A*(¢) = 0,
A%(t) + 1,if A°(t) > 0.
: 0, if A*(t) = 0, if Ho(1) = 1:
A+ 1) A3(t) + 1,if A%(t) > 0. 0,if A%(t) =0
0, w.p. qfs(t)ﬂ if A%(t) > 0,
AS(t) + 1, wp. 1 — g2 O+
if A%(t) > 0.
s ’ He(t) — 1,if H(t) > 1,
FE+1) | B he L if He(t) = 1.

We further note that, for each renewal cycle, the cumulative Aoll is given by,

E

TG SV (<2 (<L VI

5 5 (3.24)

. Again using RRT and simplifying, we obtain,

g (2(00)? = Bl (1 + h® = 27) + @2 (e — 1))

a
2(pe(hgh + (= 1)) + 1)

3.C RMAB Formulation for I[I-_s_1p

We proceed similarly as in Section 3.3 for 7 € Ilo_g_1p. For the system, we define
a state vector ((A°%(t), S°(t), H*(t)),Vs € S). Again, D*(t) indicates whether source s
is scheduled in slot ¢ (D*(t) = 1) or not (D*(t) = 0) under a policy m. The evolution
of the state vector is shown for a source in Table 3.6 (every source has a corresponding
evolution). The evolution is discussed for two cases: I) X*(¢) # X*(t—1) and I) X*(t) =
X*(t —1). In case I, the packet is preempted, resetting S*(¢) to 0 and H*(t) to h®, while
A*(t) increments to A®(t) + 1. This holds for both D*(¢) = 1 and D*(¢) = 0. In case
I1, the evolution of A*(t), S*(t), and H*(t) depends on different conditions; we describe
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the evolution of S*(¢) in the following, while that of A*(¢) and H*(¢) can be obtained
from Table 3.6. If D,(t) = 0, S*(t) increments to S*(¢) + 1 when the packet is in transit
(H*(t) < h®). However, if the packet remains with the source (H*(t) = h®), S*(t) stays
unchanged. If Dy(¢t) = 1, S°(¢) increments to S°(¢) + 1 when the packet is in transit
(H*(t) < h*) and H*(t) decrements by 1. However, if H*(t) = 1, S*(t) resets to 0 and H*
to h®.

For policies € IIo_g_1p, the evolution of ((A°(t),S*(t), H*(t)),Vs € §) is a con-
trolled Markov chain. The state space is the Cartesian product X s¢s (Z4 X Z X [h®]). The
action space is S since the action in every slot is to choose the source s to be scheduled. For
a particular state vector ((as, s, hs), Vs) we define a single stage cost as > __a,. We note
that the AAoll minimization problem (5.2) can be formulated as an average cost MDP with
state transitions for every s as in Table 3.6 and with the constraint that ), D*(t) < 1,Vt.
The rest of the development is similar to that in Section 3.3 leading to the definition of a
single-source MDP problem denoted as SS-MDP. For a source s, the objective of SS-MDP
is the same as that of (3.9).

We solved the SS-MDP using the value iteration procedure with a truncated state space,
where A%(t) € {0,...,1000}, S*(t) € {0,...,1000}, h* = 3, p. = 0.3, and p; = 1. An
optimal policy for SS-MDP is shown in Fig. 3.19(a). The policy is a function of a,, s, and
hs; we show the policy as a function of a4 for different combinations of s, and h,. For
A = 1000, the optimal policy follows a threshold structure on age, scheduling the source if
as > Ts, Where 7 is a threshold which in general is dependent on both s, and h,. However,
we observe (numerically) the following: (1) the threshold is dependent on A but not on
ss, (2) the threshold is monotone non-decreasing with h,. Consider the evolution of the
system under an optimal threshold policy (as shown in Fig. 3.19(a)). Initially, hy = h%;
therefore, the source is scheduled once the age increases to the 7,, which is a function of
h?. Once the source is scheduled h, = h® — 1 for which the threshold is lower. Also,
the Aoll is an increasing function of time once it is positive and if the packet has not been
delivered. Thus, the source is scheduled in contiguous slots, and the evolution of the system
is similar to that of a threshold policy with a threshold which is independent of h. This is
the justification for the claim that an optimal policy for this SS-MDP is a threshold policy.

Additionally, we also compare the optimal values of A" and D" obtained from the
value iteration procedure with those obtained for the threshold policy from Proposition 3.4
in Fig. 3.19(b). The values match, which strengthens the claim. We use a similar approach
to derive the Whittle Index from Proposition 3.3, where we use the observation that the set

of achievable points (D", A"") is convex, as shown in Fig. 3.19(b).

91



1
—— 5. =100, h; = 0 | —
s =100, hs = 1 I
B il ol 200 k- SS-MDP
" —— 5,=1,h; =2 3
o —e— 5, =10, hs =2 |<
0 = = L)) L)) L]
0 200 400 600 800 1000 00 0.2 0'4—n0'6 08 10
as D™
(a) (b)

Figure 3.19: (a) Illustration of the threshold nature of the optimal policy for the MDP for
a single source with h* = 3 for A\ = 1000, as a function of s, and . (b) Pairs (D", A"™*)
achieved by the threshold policy as 7, varies in {0,1,2,...,600}. The optimal (EW, Zﬂ)
obtained from (3.9) by varying A is also shown.

3.D Proof of Proposition 3.4

We separately consider two cases for the threshold 7: a) 7, = 0 and b) 75 > 0.

a) 7, = 0: When the threshold is 0, the source is scheduled in every slot. Therefore D=
1. For obtaining A" we identify a renewal process in the evolution A°(t). Suppose we
start with A%(¢) = 0. Since X*(t) changes with probability p? in every slot ¢ independent
of the past, the time till the next state change follows a geometric distribution (; with mean
piz. At this slot, any current packet is pre-empted and a new packet is generated at s and
transmitted. Once the state changes A°(t) increases. It continues increasing until the slot
a packet is delivered such that the state contained in the packet is the source’s state at the
delivery slot. This delivery time is 7'(h*), the random time taken by the Markov chain in
Fig. 3.3 with initial state ~° to hit 0. At this slot A*(.) is 0. We define such slots as renewal
epochs. Then, renewal durations are IID and are distributed as G; + T'(h*). The expected
cumulative Aoll in a renewal cycle is E [T'(h°)| E [T'(h®) — 1] /2. Applying RRT [92], we
obtain that A™™ is:
LE[T(h*)] + E[T(h%)?]

A D) (3.25)

b) 7, > 0: For this case also, we identify a renewal process in the evolution of MC
(A(t),S(t), H(t)). Then, we use RRT [92] to obtain A" and D" ™. The renewal epochs
of the process are defined to be slots at which MC has the state (0, 0, ~*). It can be shown
that starting from an arbitrary state at t = 0, the MC reaches (0,0, ~2°) in finite expected
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time. We now describe each renewal cycle. Consider the MC (as shown in Fig. 3.3) to
be at state (0,0, h*) at a time ¢y. Since 7, > 0, the source is not scheduled. We note that
A5(t),t > to remains at zero till the first time at which the source process X *(¢) changes.
This time duration is a Geometric(p?) random variable, denoted as G;. The Aoll A*(¢)
starts incrementing from the slot ¢ = ¢y + G (in that slot ¢, A*(t) = 1). We note that a
further 7, — 1 slots are required so that A%(.) > 7, and the source s is scheduled. Once
A*(.) > 7, source s is scheduled, for this MC as shown in Fig. 3.3, suppose 7'(h®) denotes
the random variable, that the time for the packet to reach 0, starting from A°. The A,(.)
will increment until the packet reaches 0. Then the state of the system resets to (0,0, h®).
So the renewal cycle has a duration of pi + 75 — 1+ E[T(h%)].

Using RRT, we have D"” = E[T(h*)] /((1/pg) + 7« — 1 + E[T(h*)]), since the source
is scheduling during 7'(h®) slots. We also note that in every renewal cycle the cumula-
tive expected Aoll is = (75_1) + 7 E[T(h*)]+E [%] . Applying RRT, we obtain
A" as in (3.13). To evaluate the derived expressions for A" and D", we numerically
compute E[T'(h*)] and E[T'(h*)?]. We note that E[T'(i)], satisfies the recursive relation:

T(i)] = 1+sz-jE[T(j>J, (3.26)

where i,7 € [hg] U {0}, T(0) = 0, and p;; are the transition probabilities of the Markov
chain in Fig. 3.3. This set of linear equations can be solved to obtain E[T'(h*)]. To obtain
E[T(h*)?] we note that T'(i) = 1 + ;, where W; is a random variable that is 7, with
probability p;;. We apply z-transforms on both sides of this relationship to obtain:

E[zT®] = IE z x Vil = zZpJ [2T)] (3.27)

The second moment of 7'(i) can be obtained using z-£ [z-L (E[z7(")])] and then setting

z = 1. This leads us to the following set of equations:
E[T(i)’] = 1+2) p,E[T()] + Y psE[T (), (3.28)
J J

which can be solved for E[T(7)?] once E[T'(7)], Vi has been obtained.
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Figure 3.20: Simulated AAoll for line networks under the scheduling policies 7y and
mup, along with their alternative implementations 7y, and 7, p, for (a) homogeneous and
(b) heterogeneous networks. Simulations are performed for various values of M under 5-
hop interference.

3.E Alternative Implementation of 7y

We propose a variant 7y, of the policy 7y that does not require the source to transmit the
Aoll at a packet generation time. The policy 7j; again maintains an estimate of the average
EA®(t),Vs with knowledge of the source model parameter p® or ¢¢ = 1 — p3. We define
P (t) = P{X*(t) = X*(t)}, i.e., the probability that the remote estimate is the same as
the value of the process for source s (this is similar to the approach in [102]). We then have
the following update for %°(t).

(¢3)* =% if packet is received,
B(t+1) =
B (t) ¢ if no packet is received.

where ¢; is the generation time of the received update packet from source s. The scheduler

also maintains an Aoll estimate A*(¢) which is defined as follows:
At +1) = (1— 2°(t + 1)) (A°(t) + 1),

where we assume AS(O) = 0. The policy 7j; computes the Whittle index using (3.12)
(by first rounding fls(t) to an integer value), and schedules the source with the maximum
Whittle index. A similar approach is used to define the variant 7{; ,. A comparison of the
AAOII for 7f; and 7rf; p with that of 7y and 7y.p is shown in Fig. 3.20 for homogeneous and
heterogeneous source cases (parameters are chosen as in Section 3.6). The results indicate
that my and 7y p outperform their corresponding alternative implementations 7, and 7y p,

respectively.
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Chapter 4

Periodic Deterministic Policies for Mini-
mizing Average Age of Information in Time-
Slotted Multi-Hop Networks

4.1 Introduction and Prior Work

We consider a convergecast scenario in which multiple sensors monitor physical processes
of interest, sample these processes, and generate data packets containing the samples,
which are then transmitted to a sink through a multihop wireless network. The remote
estimation or reconstruction of the monitored processes at the central node (or sink) is a
key problem in modern Internet-of-Things (IoT) applications [1]. Information freshness
metrics, such as the Age of Information (Aol) [34], have been used as network-layer mea-
sures in such applications [1]. Motivated by recent trends in IoT networks, we consider
networks operating in a time-slotted manner with periodic deterministic scheduling, for
example, time-slotted protocols such as IEEE 802.15.4e TSCH [4]. In this chapter, we
focus on the design of novel periodic deterministic sampling and scheduling policies that
minimize the average Age of Information (AAol) for convergecast in time-slotted multihop
tree networks under K -hop interference constraints. We also derive novel numerical and

analytical bounds on AAol performance in such networks.

*This chapter is based on the manuscript by Nibin Raj, Vineeth B.S., and Pratik Sharma, “Periodic De-
terministic Sampling and Scheduling Algorithms for Minimum Age of Information in Time-Slotted Mul-
tihop Networks,” in IEEE Internet of Things Journal, vol. 12, no. 9, pp. 12958-12974, May 2025, doi:
10.1109/J10T.2024.3523024.
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4.1.1 Prior Work

Remote estimation of processes monitored by sensors at a sink is critical for inference
and control in [oT and cyber-physical systems. In such applications, metrics that quantify
data freshness, such as Aol, are becoming increasingly important, in contrast to the tradi-
tional performance measures like latency and throughput. A broad survey of Aol-related
research is available in [33], whereas [34] provides an overview of foundational results
for single-source, single-destination systems. While many studies have addressed Aol in
multi-source, single-hop networks (e.g., [38], [39], [40], [41]), research on Aol in multi-
hop network scenarios remains limited. Some of the studies related to multi-hop networks
are reviewed as follows. The problem of minimizing the AAol in multi-hop networks un-
der stationary randomized scheduling policies was investigated in [42], considering mul-
tiple source-destination pairs and general interference constraints, with analytical results
derived under the assumption of interference-free multi-hop transmissions. Other studies
have investigated Aol in various multi-hop settings, including interference-free single-flow
networks [43], ring topologies [44], energy-harvesting two-hop networks [45], throughput-
constrained networks [46], and multi-source time-slotted networks [47]. Tripathi et al. [9]
considered age minimization in multi-hop networks and proposed three policies: stationary
randomized, Age-Difference, and Age-Debt. In contrast, our work focuses on tree topolo-
gies under K-hop interference constraints and develops periodic deterministic sampling
and scheduling policies to minimize the AAol. Periodic deterministic policies were stud-
ied in [44, 47] for multi-source, multi-sink networks under a complete interference model.
In contrast, our work considers a convergecast scenario with a general K -hop interference
model. Multi-hop networks also appear in applications such as multilevel caching and edge
computing, where the freshness of cached data is critical. Bastopcu [48] characterized the
average freshness in a two-hop caching model as a function of content and cache update
rates, while age-optimal cache update policies for two-hop networks were explored in [49].
The Aol metric has also been used to evaluate wireless link performance between vehicles
and cloud servers [113], and strategies to minimize Aol for data offloading in mobile edge
computing have been investigated in [114]. Many of these works focus on two-hop network
models, consisting of a content server, cache, and end-user, which contrasts with the more

general multi-hop networks with K -hop interference considered in this chapter.

Time-slotted deterministic scheduling is particularly relevant for industrial wireless
networks, which impose strict requirements on reliability, latency, jitter, and power [27],

[28]. Such deterministic scheduling is supported by industrial wireless standards, including
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WirelessHART [5], ISA100.11a [29], and IEEE 802.15.4e TSCH [4]. Notably, protocols
like TSCH implement periodic scheduling policies with a period defined by a slot-frame
[4], which is a contiguous set of N time slots over which the schedule repeats. Motivated
by these considerations, we focus on designing periodic deterministic policies to minimize
AAol in wireless multi-hop networks under interference constraints.

Scheduling policies can be either centralized or decentralized, each with its own advan-
tages and trade-offs. Centralized policies can optimize performance metrics with a holis-
tic view of the network and its dynamics, but incur additional communication overhead.
Decentralized policies, on the other hand, can adapt more flexibly to changing network
conditions, though potentially at the cost of optimality. In this chapter, we focus on cen-
tralized scheduling policies for AAol minimization. Such centralized deterministic policies
are supported in standards through entities like the Path Computation Element in 802.15.4e
TSCH or the Network Manager in WirelessHART [90]. While deterministic scheduling
algorithms for slotted networks have been studied for other performance metrics in works
such as [115], [116], [117], our focus here is on AAol, a goal-oriented metric for designing

joint sampling and scheduling policies.

4.1.2 Contributions

We consider a multi-hop tree network with M source nodes, K-hop interference con-
straints, and reliable link transmissions. Our primary contributions are twofold: (a) the
numerical and analytical characterization of AAol performance for periodic determinis-
tic scheduling policies, and (b) the design of low-complexity heuristic policies that achieve
lower AAol compared to existing multi-hop scheduling approaches, such as the non-periodic

Age-Difference policy [9]. The specific contributions of this work are outlined as follows:

1. The AAol is analytically characterized for periodic deterministic policies satisfying
a periodic delivery condition, expressed in terms of the period and delivery delay for

each source.

2. For periodic deterministic policies, AAol minimization is formulated as an integer
programming problem for a given period. A linear relaxation of this problem is used
to obtain novel numerical lower bounds on the minimum AAol for that period. By
solving the problem across different periods, a lower bound over all possible periods

is obtained.
3. Fundamental analytical lower bounds on the minimum A Aol for periodic determinis-
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tic policies are derived, which are not available in prior work for the general network
model considered. These analytical bounds are shown to closely match the numerical

lower bounds obtained above.

. Two periodic deterministic scheduling policies are proposed for tree networks un-
der K-hop interference constraints. The algorithmic complexity of generating these
policies is characterized as a function of K and M, and is significantly lower than

that of solving the integer programming formulation.

. Simulation-based performance analysis demonstrates that the AAol of the proposed
policies is close to the corresponding numerical lower bound for the same period.
Moreover, the proposed policies outperform existing multi-hop AAol-minimizing

policies, such as Age-Difference and Age-Debt, which are generally non-periodic.

. Simulations of the proposed policies over a single period can also be used to obtain

upper bounds on the AAol for periodic deterministic policies.

. The design framework is extended to general non-decreasing functions of Aol. Ana-
lytical and numerical lower bounds on the time-average of such functions are derived,

and the performance of the proposed policies is evaluated in this generalized setting.

Notations: The notations used in this chapter are given in Table 4.1.

Table 4.1: List of symbols and their descriptions used in Chapter 4

Symbol Description

[M] Set of integers {1,2,..., M}.

G = (V,€) | Directed tree representing the multi-hop network, where V is the set of

nodes and £ is the set of directed edges.

Set of source nodes (sensor nodes) that generate packets for the root

node.
U] Cardinality of the node set U.
(i,7) € € | Directed edge from node 7 to node j, representing a communication link

from ¢ to 7.

Link activation on link (i, j) for source s.

Sampling of source s and activation of link (s, 7).

Interference graph.
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Figure 4.1: (a) Example multihop tree network with 6 nodes and 2 top-subtrees. For node
6, the monitored process X ° and its remote estimate X* at node 0 are shown. Packets carry-
ing samples of X are transmitted to node 0. (b) Corresponding interference graph, where
nodes represent links and edges indicate mutual interference under 1-hop interference.

K Parameter defining the K-hop interference model, with K €
{1,2,...}.

Ul(t) Activation set at time slot ¢.

U, Element of the activation set U (t) representing a link activation of the
form (s, (7, 7)).

Ly Set of positive integers.

As(t) Aol of source s at the sink node 0 at time slot ¢.

Aave Average Aol over all sources.

ds Delivery delay for source s.

N Period of the periodic scheduling policy.

hs Hop distance of source s from the sink node 0.

Jsm Indicator variable for packet generation by source s in slot n € [V].

ary, Indicator variable for link transmission: aj,, = 1 if a packet generated
by source s is transmitted on link [ in slot n, otherwise aj,, = 0.

Riop Set of all top-subtree root nodes.

B Number of top-subtree roots, i.e., B = |Rip|.

T Subtree rooted at node b € Ryqp.

ny Number of nodes in subtree Ty, i.e., n, = |Tp|, with Zle ny = M.

Ny, Analyical lower bound on the period V.
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4.2 System Model and Problem Statement

We represent the multi-hop network as a directed tree G = (V, E), where )V denotes the
set of sensor nodes in the network and £ represents the set of communication links (see
Fig. 4.1a). Tree-based topologies are widely used in practical network deployments, for
instance in routing protocols such as RPL [89]. In the convergecast setting, the sink cor-
responds to the root node of the tree, denoted by 0. We assume that the network contains
M additional nodes, so that V| = M + 1. Each node other than the sink is treated as a
source node that generates data packets'. In addition to generating its own packets, each
node is responsible for forwarding packets originating from its descendant nodes>. We
define top-subtrees, where a top-subtree is a subtree of G whose root is a child of node 0.
We also consider specific network structures, including line and multiline networks. A line
network is a linear topology consisting of nodes indexed from 0 to M, with a directed edge
from node ¢ to node ¢ — 1 for all i € [M]. A multiline network is a tree in which each
top-subtree has a line network structure. An edge (i,j) € &, where i,j € V), represents
a communication link over which node 7 can transmit data to node j. Each link (, j) can
carry at most one packet at any given time. A packet may either originate at node ¢ (i.e.,
s = 1) or be forwarded from another node and stored at node 7. All packets are assumed to
be of equal size, and the transmission of a single packet requires one time slot. The system
evolves in discrete time with slots indexed by ¢ € Z,. We assume that all link transmis-
sions take place over a shared communication channel and that each node is equipped with
a single half-duplex radio interface. Two link transmissions are said to be concurrent if
they occur within the same time slot. We adopt a /-hop interference model for the tree
network, where K € {1,2,...}. Under this model, concurrent transmissions on two links
that are separated by at least & hops do not interfere with each other. In contrast, if two
links are separated by fewer than K hops, simultaneous transmissions over these links lead
to interference, and the corresponding packets cannot be successfully received. The K-
hop interference model is commonly used in the literature to capture interference effects in
wireless networks, e.g., [118], [119].

The interference relationships among links can be represented using an interference

graph (for example, under 1-hop interference, the corresponding interference graph for the

'In this chapter, packet generation is not exogenous but is governed by the sampling and scheduling policy,
as described later.

%For a node i, a node d is said to be a descendant if it is either a child of i or a descendant of any child of
1, defined recursively. For a link [ = (4, j), another link I’ = (k, ) is considered a descendant link if node &
is a descendant of node .
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Figure 4.2: Tllustration of the periodic deterministic evolution of A§(¢) with period N. A
packet is generated for source s and delivered with delay d; = 5 slots. The evolution is
shown in discrete time at slot boundaries.

tree network in Fig. 4.1a is shown in Fig. 4.1b). We also consider a complete interference
model, in which every pair of links interferes with each other, so that at most one transmis-
sion can occur in a given time slot without interference. For the K -hop interference model,
link transmissions that satisfy the interference constraints are assumed to be successful,
i.e., packet losses are not considered?.

In this chapter, we study multi-hop sampling and scheduling policies that, in each time
slot, determine both the set of sources that generate packets and the set of links that are
activated for transmission. Additionally, for each active link that transmits, a decision must
be made regarding which source’s packet is to be transmitted. To formalize this decision
at each time slot ¢, we define an activation set U,, which represents the set of links that
can be scheduled for concurrent transmission under the /-hop interference constraints.
The activation set is given by Uy = {u1, us, ..., uyy }, where each element corresponds
to a link (7, j) transmitting a packet generated by source s [9]. Thus, an element u;, € U;
is denoted by (s, (7,7)) and represents a specific link activation. The set of all feasible
activation sets is denoted by U. This set is constructed by first forming an interference
graph, where each node represents a link, and an edge between two nodes indicates that the
corresponding links cannot be activated simultaneously (see Fig. 4.1b). Feasible activation
sets are then obtained by identifying cliques in the complement of this interference graph.

For each link (i, j), the elements u;, are defined by associating the link with all sources s

3 An extension to scenarios with packet losses is discussed in Section 4.6.1.
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such that s is either node 7 or a descendant of .

As an illustrative example, consider the tree network shown in Fig. 4.1a. A feasible ac-
tivation set under 2-hop interference is given by U; = {(2, (2, 1)), (5, (5,4))}. An element
u € Uy, for instance (2, (2, 1)), represents the transmission of source 2’s packet over the
link from node 2 to node 1. A link activation of the form (s, (7, j)) with s # 4 indicates
that a packet generated by source s is forwarded from node 7 to node j in slot t. If s = 1,
it implies that node s generates a new packet and transmits it to node j in the same slot.
For example, if (s, (¢, 7)) = (4, (4,0)), source 4 generates a packet and transmits it directly
to the sink. On the other hand, if (6, (4,0)) is activated, node 4 forwards a packet from
source 6 to the sink. Packets generated at the source nodes are buffered at intermediate
nodes and forwarded hop-by-hop towards the sink node 0. The buffer size at each node for

every source is assumed to be infinite®.

A sampling and scheduling policy, denoted by U, is defined as the sequence of acti-
vation sets (U;,t € Z. ). In this chapter, we focus on centralized scheduling policies that
construct transmission schedules based on complete knowledge of the network topology.
We further restrict attention to periodic deterministic policies. A periodic deterministic pol-
icy Uy with period N generates a sequence of activation sets {U/(0),U(1),--- ,U(N —1)},
such that U; = U(t mod N), Vt € Z,.

Age of Information: To evaluate the performance of a policy, we use the Average Age of
Information (AAol), which quantifies the freshness of information at the sink node 0 for
each source. For a source node s, the Aol at the sink at time slot ¢ is denoted by A§(¢), with

the initial condition A(0) = 0. The Aol evolves as

Ap(t) =t — g5(t)

where g;(t) represents the generation time of the most recently received packet from source

s at node 0, and we assume g(0) = 0.

Since we consider periodic deterministic policies, the evolution of Af(¢) for all s €
[M] is also periodic with the same period as the policy. A typical Aol A§(t) evolution is
illustrated in Fig. 4.2. Whenever the sink receives a new packet, the Aol drops to the time

elapsed since the packet’s generation; otherwise, it increases linearly over time.

“4For the periodic deterministic policies considered in this chapter, the required buffer size is at most M.
The infinite buffer assumption is primarily used to facilitate the analysis of non-periodic policies.
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The A Aol for a source is defined as follows:

T—o00

T-1
AAol(s) = lim %ZAg(t) : (4.1)
=0

We also define A, as the average AAol across all sources s € [M], given by,

1 M
Apg = i Z AAoI(s)
s=1

If a source does not generate any packet within a period, or if the generated packet does
not reach the sink, then AAol(s), and consequently A,,,, becomes unbounded’. To avoid
such cases, we restrict our attention to policies that satisfy a periodic delivery condition.
A periodic deterministic policy is said to satisfy PeDe(s) if, under the periodic schedule, at
least one packet from source s is successfully delivered to node 0 in every period. A policy
is said to satisfy PeDe if it satisfies PeDe(s) for all s € [M]. More generally, periodic
policies that generate and deliver multiple packets from each source (i.e., ms; > 1 packets
from source s per period) can also be considered. In this chapter, we focus on the simplified
case with ms = 1,° while the extension to m, > 1 is left for future work.

Objective: Our objective is to design periodic deterministic scheduling policies that mini-
mize A,e, Wwhere the minimization is taken over the set of all periodic deterministic policies
(with period N, any positive integer) that satisfy the PeDe condition. The minimum value
of Ay, if it exists, is denoted by A;

avg*

4.3 Minimization of Average Aol and Lower Bounds for

Periodic Deterministic Policies

In this section, we first derive a characterization of AAol(s) for policies’ that satisfy the
PeDe(s) condition. This characterization is expressed in terms of the delivery delay d

for each source s. The delivery delay is defined as the number of time slots between the

SFor periodic policies, if a source s does not generate a packet within a period, it never generates one,
implying g5(t) = 0 for all ¢. Similarly, if a packet is generated but does not reach the sink within a period,
then g§(¢) = 0 for all t. Hence, as t — oo, the Aol, given by ¢ — g (t), grows without bound, leading to an
infinite average Aol.

6Allowing m, for all s to be decision variables in order to minimize Aayg leads to a significantly more
complex problem.

"For brevity, we use the term “policies” to refer to periodic deterministic sampling and scheduling policies.
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generation of a packet at source s and its successful delivery to node 0.

Proposition 4.1. For a policy satisfying PeDe(s) with period N and delivery delay ds, the
AAol of source s is given by
N —1

Adol(s) = d, + ——

Proof. For a policy, Ag(t) is a periodic deterministic function of ¢ (an example is shown
in Figure 4.2). Suppose the period is N. The area under Aj(¢) for a period is d;N +
N(N —1)/2 (the sum of the areas of a “rectangle” and a “triangle”) as shown in Figure 4.2.
Therefore, the average AAol(s) is the ratio of this area and the period N. Therefore, we
have that AAol(s) =ds + (N — 1)/2. O

The delivery delay satisfies ds > hg, where hs denotes the hop distance of source s from
node 0. For the special case of a tree network under complete interference (i.e., at most one

link transmission can occur in a time slot), we derive the following characterization of A, .

Proposition 4.2. For a tree network with complete interference, we have
M M
1 - hs) —1
A= — hs aee=l 37
- (i n) v 22

Proof. For a network with complete interference, at most one link can be scheduled in any
given time slot. Therefore, h, transmissions are required to deliver a packet from source

s to node 0. Consequently, the minimum period required is N = Zi\i

1 hs. Moreover, a
delivery delay of d;, = h can be achieved by forwarding each packet in contiguous time

slots once it is generated. The result then follows directly from Proposition 4.1. [

4.3.1 AAol Minimization as an Integer Programming Problem

In the following, we formulate the problem of determining a policy that minimizes A,y
for a fixed period N as an optimization problem. The slots within a period are indexed by
n € [N]. Each node i € [M] acts as a source and generates one packet in every period. For
a source s € [M], let g5, € {0, 1} indicate whether a packet is generated in slot n € [V],
where g,,, = 1 if a packet is generated, and g,,, = 0 otherwise®. For a link [ € &, let

8Here, we consider a more general setting in which the generation time g5 ,, may differ from the time at
which the packet is first transmitted. However, our numerical results indicate that, for minimizing AAol, it is
optimal to transmit a packet in the same slot in which it is generated.
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Figure 4.3: Illustration of the delay d; for a source node s as a function of the decision
variables g, and a; . For I € E~(0), d, denotes the number of slots between packet
generation (gs . = 1) and its reception at node 0 (a¢; = 1). This delay is obtained by taking
the cumulative sums of g and a and computing their difference.

a;,, € {0,1} denote whether a packet from source s is transmitted over link [ in slot 7.
Specifically, a;,, = 1 indicates that a packet from source s is transmitted on link [ in slot
n, and aj,, = 0 otherwise. Thus, for each n € [N], s € [M], and [ € &, the variables aj,,
defines the activation set in slot n. We now describe the constraints that are placed on the

sampling and scheduling policy.

Each node generates exactly one packet in every period. Therefore,

N
Z gsm = 1,¥s € [M]. 4.2)

Since packet losses are not considered, all packets generated by each source must be deliv-

ered to the sink by the end of the period through one of its incoming links. Therefore,

Z Z Pa=1,Ys € [M]. (4.3)

leE~

For a node i € V, let E* (i) and E~ (i) denote the sets of outgoing and incoming links,
respectively. Since each node is equipped with a single half-duplex radio interface, for
every slot n € [N] and for all nodes v € [M] U 0, we have:

M
Z Z aj, + Z aj, | <1 (4.4)
s=1 \IleE+(v) leE—(v)

Consider a link [ € &£, and let IV, denote the set of its neighboring links in the interference
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graph (for example, in Fig. 4.1b, for the link (0,4), we have N4 = {(0,1), (4,6), (4,5)}).
Then, the K -hop interference constraint is given by’: foralll € £,' € N;,andn € [N],

M M
> ai,+Y ap, <L (4.5)
s=1 s=1

We also note that, in any given slot, a node cannot transmit more packets than it has either
generated or received from other nodes in all previous slots. This constraint, for every

i,s € [M]and n € [N], is expressed as

Z ain < Z Z af,n’+

| leE* (i) leE— (i) n'<n—1 (4.6)
5(Z - 8) Z Gsn/ — Z Z Cllsjn/,
n'<n leEt (i) n'<n—1

where d(z) = 1if x = 0, and 0 otherwise. The PeDe(s) condition is enforced through
constraints (4.2), (4.3), and (4.6). For certain values of N, these constraints may not be

satisfiable.

In the following, we perform a search over the period NV to identify feasible values of NV

and the corresponding Aj,,. Suppose that, for a given N, all the constraints (including the
PeDe condition) are satisfied. Then, from Proposition 4.1, we have AAol(s) = d, + %
We further note that the delivery delay d, can be expressed in terms of the variables g,

and aj,, as follows (see Fig. 4.3 for an illustration):

N N
A= gew— D> D> a,,Vs€[M] (4.7)

n=1n'<n leE—(0) n=1n'<n

Therefore, for a fixed period NV, the objective function A, can be expressed in terms of
the decision variables g; , and a;,,. For this fixed IV, a policy that minimizes A, can be

obtained by solving the following optimization problem:

min Awe(N), (4.8)

(9s,n,af ,,,VsE[M],n€[N],IEE)

subjectto  (4.2),(4.3), (4.4), (4.5), (4.6),

Note thatif I’ € N, then! € N . Therefore, if [ is a descendant of I/, we do not consider I’ from IN; when
implementing the K -hop interference constraints in an optimization problem solver to prevent repetition of
constraints.
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where we explicitly indicate the dependence of A,,, on the period N. For a fixed N, the

above problem can, in principle, be solved using integer (binary) linear programming (ILP)

*

ava (V). The minimum average
(N). We characterize AZ  in

avg

methods. Let the optimal value, if it exists, be denoted by A
Aol across all sources is then defined as A}, = miny A},

the following.

Proposition 4.3. Suppose N,,;, is any lower bound on the minimum N required for (4.8) to
be feasible and Ny = ), h. Then, we have that A%, | = MiNNe(N, ... Npaz} Ao (V)-

avg — T INE WU N minsee

Proof. We note that considering a period N < N,,;, is not required since (4.8) is not
feasible for such an N. The AAol for every source s is ds + (N — 1)/2 from Proposition
4.1. For a particular feasible NV, we obtain an optimal value d* (V) for an optimal policy. As
N increases d%(N) could decrease; for example if N = )" h,, we can achieve d(N) = h;
(by scheduling packets from a single source in consecutive slots). We note that the only
advantage of using larger values of /V is that the delivery delay d; for a source could be
reduced. Thus, considering a N > Ny, = > s is also not required, since d(Nypqz) =
hs. [

16

15.0 17.5 20.0 22.5 25.0
N

Figure 4.4: Numerically obtained optimal value A, (N) as a function of N for a multiline

network with K = 2. The lower bound on the feasible period is Ny, = 15.

In the following, we obtain an analytical lower bound Ny, on the period for any policy

satisfying PeDe (see Proposition 4.6). Thus, we can choose N,,;, = Ny;,. Therefore, A*

avg

can be solved in principle by solving N, — N + 1 optimization problems for fixed N
and then finding the minimum. In numerical experiments, we have observed that A% (N)

avg

is monotonically non-decreasing in N (see Fig. 4.4), so that finding the smallest N for
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which the optimization problem is feasible is sufficient. However, we note that ILP is NP-
hard, so that this method does not scale as M increases. A detailed discussion on this is
given in Appendix 4.A.

Numerical lower bounds A;,;_;,(/N) and Ag,,_;: For a fixed value of NV, we obtain
a linear program by relaxing the integer constraints in problem (4.8), which is solved us-
ing the GLPK solver [120]. Let the optimal value of this relaxed problem be denoted by
Agipi—in(N). We have that A, (N) < A%, (N). We then define

avg

Agiph—1p = min Agipie—1n(N) 4.9)

Ne{Nmin ~~~~~ Nmaz}

which serves as a lower bound on A

4.3.2 Analytical Lower Bounds

In this section, we present analytical lower bounds on Aj,,. From Proposition 4.1, we note
that AAol(s) is given by the sum of the delivery delay d; and the term (N — 1)/2. Our
analytical lower bounds are derived by independently lower bounding ds and N. We begin
by establishing lower bounds on the period N. The lower bounds on N are obtained by
determining the minimum number of time slots required to collect packets from all sources
at node 0. To do this analysis, we introduce the following notation. Let R,,, denote the set
of all top-subtree roots, and define B = |R,,,|. The subtree rooted at b € R,,, is denoted
by Ty, and let n, = |7/, so that Zle n, = M. An example with B = 2 and n; = 3
is shown in Fig. 4.1a. We define a #-line as a linear subgraph of the tree consisting of the
nodes along the path from a leaf node in 7, to its corresponding root b € R, and then to
node 0 (e.g.,2 — b =1 — 0in Fig. 4.1a).

Line Networks: We first discuss the lower bound for a line network scenario, before ex-
tending the analysis to more complex network topologies such as multiline and tree net-

works.

Proposition 4.4. Consider a line network with M = n, source nodes, i.e., a sequence of
nodes 0,1,2,..., M = ny. Any periodic deterministic policy satisfying PeDe has a period
N bounded below by Ny, where Ny, = ZKH(nl —j+1).

Jj=1

Proof. To obtain a lower bound on the period we consider a relaxed version of the opti-
mization problem (4.8). In this relaxed version of the problem we assume that constraints
(4.2) and (4.3) holds. We then try to obtain a required period such that the K hop interfer-
ence constraint (4.5) and the half-duplex constraint (4.4) holds only for the link (1,0). We
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do not consider (4.6) at all. We note that the required period is then related to the minimum
n required for variables a},, € {0, 1} such that the above relaxed constraints are met. Since
there are n, sources, a total of n; packets must be delivered to the sink node 0. These
packets are received at node 0 via the link (1,0), which requires n; time slots (or there
should be n; x n; variables a?LO),n € {0,1}). Packets generated by sources 2,3,...,1n4
must first be forwarded to node 1 before being transmitted to node 0. In particular, node
2 must forward n; — 1 packets to node 1. Due to the K-hop interference constraint, the
transmissions over the link (2, 1) cannot be scheduled concurrently with those over (1,0).
Hence, an additional n, — 1 slots are required to schedule transmissions over (2, 1), beyond
the n; slots used for (1, 0) (i.e., an additional ny x (n; —1) variables aiy.0pm = 0. Similarly,
for all nodes j < K + 1, ny — 5 + 1 slots are required to forward packets toward node 1,
during which the link (1, 0) cannot be activated due to the K-hop interference constraint.

We define
K+1

t1=Z(n1—j+1)

j=1
as the total number of slots required to collect all n, packets at node 0. If ny > K + 1,
additional transmissions over links (7, j — 1) are required for nodes j > K + 1. However,
these transmissions do not interfere with those on the link (1, 0) and hence are not consid-
ered in deriving the lower bound. Therefore, for a single line network, we obtain the lower
bound N > t; = Ny,. O

Multiline Networks: The above ideas are used to obtain the following lower bound for a

multiline network.

Proposition 4.5. Consider a multiline network with ny, nodes in every subtree b and K -hop
interference. Any periodic deterministic policy satisfying PeDe has a period N bounded

below by Ny,, where

with e, = ,EI:{{Q] [y — (k — 1)] and e, = maxper,,,(fo — €vo)"). The quantity f, =

ty — €p, Vb € Ryop, where ty, = Zj:;l(nb —Jj+ 1), and ey, = E#b e;.

Proof. The proof (similar to that of Proposition 4.4) considers the optimization problem
(4.8) but with relaxed constraints. We again impose the constraints (4.2) and (4.3) and

completely remove the constraint (4.6). However, we impose the constraints (4.4) and (4.5)
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only for the links (7, 0), where ¢ € Ry, is a top-subtree root (i.e., the links connecting the
top-subtree roots to 0). To find a lower bound on the period, we again count the number of
slots required so that we obtain variables ag; ;) ,, € {0, 1} which can satisfy the constraints.
In a multiline network, each top-subtree b (which has a line structure) consists of n; nodes.
Therefore, we need at least Zb ny slots (or an equivalent number of variables need to be
setto 0 or 1 forl = (4,0),7 € Ry,p) to collect all the packets and satisfy (4.2) and (4.5). As
in the case of the line network additional slots are required to forward these packets to the
top-subtree roots, during which time the link (4, 0) cannot be scheduled (and therefore the
variables i o), A€ required to be 0). We define ¢, as a lower bound on the total number

of slots required to collect all n, packets at node 0 from subtree b, where ¢, corresponds to

line b. Then, from Proposition 4.4 we have that

K+1

ty = Z(nb—j+1)-

j=1

However, the total number of slots required to collect the packets is not >, t, due to the
following reason. Consider a node /; in a line b; and a link /5 in a line b, such that both links
are within K -hop of the top-subtree links of their respective lines. However, it can happen
that [; and [, are more than K-hops away from each other. Then, transmissions on /; and
l can be concurrent. However, we note that if a node j in a line b;, with 1 < j < [K/2],
transmits to node j — 1, then any node ¢ with 1 < ¢ < [K/2], whether in the same line b,
or in any other line, cannot simultaneously transmit to node 7 — 1 due to the interference
constraints. Therefore, the slots required for forwarding packets from such nodes j are
exclusive, meaning that node 0 cannot receive packets from any line during these slots. The
number of exclusive slots required for node j is equal to the number of packets it must
forward (including its own packet), which is n, — 5 + 1. We define e, as the total number

of such exclusive slots corresponding to line b. We therefore have,

[K/2]
=) (m—j+1)
j=1
Recall that, for a single line, we defined ¢, as the total number of slots required to collect all
packets from line b. Consider the difference f, = t;, — e,. These correspond to slots during
which node 0 cannot collect packets from line b. These slots correspond to transmissions
from nodes or links in line b that may be more than K hops away from transmissions

occurring in the exclusive slots of other lines. For example, consider two nodes located in
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different lines whose hop distance exceeds [/ /2]. Such nodes can transmit concurrently
within the same slot with no interference. Hence, it may be possible to schedule these
transmissions during the exclusive slots of other lines. For a given line b, we define the
number of exclusive slots contributed by other lines as e,, = Y 4 €j If, for a given
line b, all f; slots can be accommodated within ¢; ,, then no additional slots beyond e; +
ero = »_y €y are required. Otherwise, an additional f, — e, slots are needed. Thus, in
general, the number of additional (or excess) slots required for line b is given by (f,—ep,) "
The maximum number of such excess slots across all lines is e, = max, ((fo — €po)t).
Therefore, the overall lower bound on the period is given by the sum of the exclusive slots

across all lines, ) _, e, and the excess slots e,,.

Np=es+ > e (4.10)

bERtop

These correspond to a lower bound on the number of variables af; ;) ,,

in order to satisfy the constraints (4.4) and (4.3). L]

required to be 0 or 1

Tree Networks: We now extend the above lower bound to general tree network topolo-
gies. We introduce additional notation and informal explanations for the proposition. Our
approach again relaxes (4.6) completely in (4.8). We also impose (4.2) and (4.3), and im-
pose (4.4) and (4.5) only on the links connecting top-subtree roots to 0 in (4.8). Recall that,
for multiline networks, we defined exclusive slots for each line b. These exclusive slots e
correspond to the number of slots required to collect packets from nodes that are within
[ K(/2] hops of node 0 and correspond to the number of variables af; ) ,, € {0, 1} required
to satisfy the constraints. For a line in a multiline network, the number of packets to be col-
lected from a node at hop distance h is n, — h. For a general tree, let n,(h) denote the total
number of nodes within & hops of node 0 in subtree b. Since the total number of packets in
subtree b is ny, the number of packets that must be forwarded from nodes at hop distance h
is given by n, — ny(h — 1). Using this characterization, we define the exclusive slots ¢, for
each subtree b in terms of n,(h). To define the excess slots for tree networks, we construct
an equivalent multiline network representation of the tree. This multiline network has many
lines as there are subtrees in the tree. For every subtree indexed by b, we construct a line
Ay in the equivalent multiline network. The line ), is assumed to contain as many nodes
as the longest t-line in subtree b (if multiple t-lines have the same length, one is chosen
arbitrarily). The length of )\, is denoted by [, (note that if the tree were a multiline to start

with, then [, = ny). For each line \,, we assume that a node at hop distance h forwards
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Figure 4.5: Example of a multihop tree network with 15 nodes, 2 top-subtrees, and 5-hop
interference. Longest t-lines (red nodes) and their lengths are shown. The values of n;(h)
and f,(h) for different hop distances are indicated for both subtrees; for example, in subtree

1, (1) = 1 and f,(4) = 3.

fv(h) packets (including its own) to a node at hop distance h — 1. In contrast to the multi-
line case discussed earlier, where a node at hop distance h forwards only the packets from
its descendants (including its own), in the equivalent multiline network each node is as-
sumed to forward f,(h) packets. We note that f,(h) can be computed as one more than the
total number of descendants of the corresponding node n, since the node n must forward
both its own packet and those of its descendants. The number of slots required to collect
these packets under K -hop interference constraints can be determined using similar ideas
as discussed earlier. Using f,(h), we define the excess slots e, for the tree network. For
illustration, both n,(h) and f,(h) are shown for an example tree network in Fig. 4.5. The
longest t-lines in each subtree are highlighted using red nodes. Using the above definitions,

we now obtain the following analytical lower bound for tree network topologies.
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Proposition 4.6. For a tree network with K-hop interference any policy satisfying PeDe
has a period N bounded below by Ny,, where

with e, = [Km(

ny — ny(h — 1)), e, = maxper,,, (fo — €p0) ", and ny(h) represents the
number of nodes in top-subtree b which are within a hop-distance of h from 0 (n,(0) = 0).
We have that f, = thlrl[;(”/;lrl fo(h) and ey, =3, €. Here, I, denotes the length of the
longest t-line in the top-subtree b and f,(h) denotes the number of packets to be forwarded

from a node at hop distance h from 0 in top-subtree b in its longest t-line.

We note that the proof is similar to that of Proposition 4.5 and is provided in Ap-
pendix 4.B. For the example network with 5-hop interference shown in Figure 4.5 we have
that n;(0) = 0,n,(1) = 1, and ny(2) = 2 for subtree 1. For the subtree rooted at 8 we
have ng(0) = 0,ns(1) = 1, and ng(2) = 3. We note that we consider nodes up to a hop
distance of 3 in ¢, = 225/ 12] ny, — np(h — 1). Using this definition of e;, we have that

=(7T—0)+(7T—1)+(7—2) = 18, whileeg = (8 — 0) + (8 — 1) + (8 — 3) = 20. Using
fo(h), we obtain that f1 = f1(4)+f1(5) = 4and fs = fs(4)+fs(5)+ fs(6) = 4+2+1 =T.
Since the slots for f; transmissions are assumed to be concurrent with the eg slots and fg
with e, we have that the excess slots e, is 0. Therefore, we obtain that Ny, = e; + eg = 38
for this example.

We note that an analytical lower bound on the period of a periodic deterministic policy
for a multichannel 2-hop interference model was derived in [115].!° In contrast, our result

applies to a single-channel K'-hop interference model.

Proposition 4.7. The minimum AAol A}, is bounded below by ( i ZM h ) + & == L
where hy is the hop distance of source s from 0 and Ny, from Proposition 4.6, is the lower

bound on the period for any policy.

Proof. The proof is direct and is outlined here. We note that A,,, can be characterized using
AAO0I(s) from Proposition 4.1. We bound each of the terms d; and N from below. For any
policy that satisfies PeDe(s), the delivery delay ds > h, and N > Ny, from Proposition 4.6
which gives the result. ]

We note that Farazi et al. [44] derive a lower bound on AAol for a network in which

each node acts as both a source and a sink for all other nodes, with the additional constraint

10Gandham et al. [115] assume that different top-subtrees operate on different channels.
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that only one node can transmit in a slot (i.e., a complete interference model). Their re-
sult coincides with ours for the complete interference case (see also Proposition 4.2). In
contrast, the above result for K -hop interference models is more general for convergecast

scenarios.

4.4 Periodic Deterministic Sampling and Scheduling Poli-

cies for Multihop Networks

In this section, we propose periodic deterministic sampling and scheduling policies for tree
networks under /-hop interference constraints that satisfy PeDe(s) for all s € [M]. We first
present the algorithm for a simple line network and then extend it to general tree network

topologies.

4.4.1 Sampling and Scheduling Algorithm for Line Networks

We propose a sampling and scheduling algorithm for a line network with M source nodes,
summarized in Algorithm 1. The algorithm generates a sequence of activation sets Uy =
(U(0),U(1),--- ,U(N — 1)) to be used within a single period. The policy is implemented
by periodically repeating U/ with period /N. In the following, we discuss the objectives
and the basic principles underlying Algorithm 1.

Objective of Algorithm 1: Algorithm 1, based on Gandham et al. [115], generates a

scheduling policy for a line network and satisfies the following properties:

1. The sequence of activation sets satisfies constraints (4.2), (4.3), (4.4), (4.5), (4.6).
Constraints (4.4), (4.5), and (4.6) must hold in every slot, while constraints (4.2), and
(4.3) must hold over the period.

2. The policy is periodic and deterministic.
3. The policy aims to minimize A,,, as much as possible.

We now discuss the basic principles that enable Algorithm 1 to satisfy the above prop-
erties, along with references to specific implementation details. For easier reference, we
also assign names to these principles.

P1-(4.4), (4.5): We adopt the approach from [115] to ensure that Algorithm 1 generates a
sequence of activation sets satisfying constraints (4.4) and (4.5). First, we discuss how one

activation set that satisfies (4.4) and (4.5) can be generated.
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Figure 4.6: State-transition diagram of node states under /-hop interference (K > 2).

Suppose a link (7,7 — 1) is activated, i.e., a transmission occurs from node i to node
1 — 1 in the line network. We define node : to be in a transmit state, denoted by 7', and node
1 — 1 to be in a receive state, denoted by R. These states correspond to the actual physical
states of the node radios. In Algorithm 1, nodes are restricted from being simultaneously
in 7" and R. Hence, the half-duplex constraint (4.4) is satisfied.

We now discuss how an activation set satisfying constraint (4.5) can be constructed
using node states. Consider a line network with 4 sources, i.e., 0 —1 —2—3—4, under 2-hop
interference. An example activation set that satisfies the interference constraints consists of
the link activations (1,0) and (4, 3). In this case, nodes 0 and 3 are in the receive state R,
while nodes 1 and 4 are in the transmit state 7. Due to the K-hop interference constraint,
nodes within & —1 hops of a node in state 12 or 7' cannot transmit or receive; such nodes are
set to an idle state 1. In our example, node 2 is in the idle state I, which can be physically
mapped to a state in which the radio is idle or in sleep mode. For a line network, the node
state sequence follows a periodic pattern along the node sequence. We start with R, 7" for
nodes 0 and 1, followed by K — 1 idle states, and then repeat this pattern along the line.
This node state sequence is determined by the hop distance. The initial pattern of states,
corresponding to the initial activation set that satisfies (4.5), is generated in lines 2 and 3 of
Algorithm 1.

We note that the initial activation set obtained above generates and transmits packets
from 1 and 4. We also need other activation sets to generate, transmit, and forward packets
from these and other nodes to 0. These other activation sets which satisfy (4.4), and (4.5)
can be generated from the above initial activation set by changing the pattern of the node
states. For example, if we set 1 and 2 to have the states /2 and 7" and use the periodic pattern
mentioned above we obtain another activation set. Equivalently, we can generate these
states by evolving the state of each node according to one step of the transition diagram
shown in Figure 4.6. After one step, we obtain an activation set (for example R, 7,1, R, T
evolves to T, I, R,'T', I) that satisfies both (4.4), and (4.5). If we use two steps of the
transition for every node we obtain another activation vector and so on. By this scheme

we can generate K + 1 different activation sets (including the initial activation set that we
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started out with). All these activation sets satisfy (4.4), and (4.5). In Algorithm 1, at the
end of every slot, we apply a step of the state-transition for every node (see line 17). For
K-hop interference model, we use K — 1 different idle states denoted as [, Iy, ..., Ix_1,
where K > 2 (for K = 1, there is no idle state). Thus, in every K + 1 slots, we obtain the
K + 1 activation sets satisfying (4.4), and (4.5) at every slot. The activation sets are then
repeated. This is illustrated for an example in Figure 4.7.

P1-(4.6): Consider the sequence of activation sets generated as described in P1-(4.4),(4.5).
We note that if, in a given slot, nodes 7 + 1 and ¢ have states 7" and R (i.e., link (i 4 1,17) is
active), then in the next slot nodes ¢ and ¢ —1 will have states 7" and R, respectively, followed
by ¢ — 1 and 7 — 2, and so on. Once node 7 + 1 generates a packet (line 12 of Algorithm 1),
it is forwarded in consecutive slots (line 10) until it reaches node 0. Hence, the scheduling
policy does not attempt to transmit a packet before it is generated and satisfies constraint
(4.6).

P1-(4.2),(4.3): From lines 10 and 12 of Algorithm 1, it is evident that each source generates
at most one packet. As discussed in P1-(4.6), any packet that is generated is delivered to
node 0 in consecutive slots. Consequently, constraints (4.2) and (4.3) are also satisfied. A
more formal justification is provided in Proposition 4.8.

P(4.2): We note that Algorithm 1 is deterministic. Moreover, it generates a finite-length
sequence of activation sets (see line 6). This sequence is then repeated to obtain a periodic
scheduling policy.

P(4.3): From Proposition 4.1, we have AAoI(s) = ds + (N — 1)/2. One way to minimize
Ay s to jointly minimize d for all s € [M] and the period length N. We note that the
minimum value of d, is the hop distance h, of source s. For the sequence of activation sets
generated by Algorithm 1, any packet, once generated, is forwarded in consecutive slots
until it reaches node 0. Therefore, we have ds = hs. Algorithm 1 heuristically attempts to
reduce /N by maximizing the number of link activations in each slot, i.e., by using maximal
activation sets. Further minimization of N is achieved through the following improvement
to Algorithm 1.

P(4.3)-Improvement: We observe that the following modification to Algorithm 1 im-
proves A,,, performance. In any slot, consider the activation set generated by Algorithm 1,
which corresponds to a specific set of node states. If the activation set results in no packet
transmissions as occurs, for example, in slot 4 of Figure 4.7, we modify line 17 of the algo-
rithm. Specifically, if the state update produces an activation set without any transmissions,
additional updates are performed to ensure that at least one packet is transmitted in the slot.

In Figure 4.7, this modification effectively skips the activation set in slot 4, reducing the
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period from 7 to 6 slots. The improved Algorithm 1 thus heuristically attempts to minimize
AAol as much as possible.

Explanation of Algorithm 1: In lines 2-3, the algorithm initializes the node states cor-
responding to the first activation set that satisfies constraints (4.4) and (4.5) (see P1-(4.3),
(4.5)). Then, in each slot, lines 8-16 populate the activation set U (t) based on the current
node states. In line 17, the next activation set is generated, and the process repeats until

packets from all sources are produced and successfully forwarded to the sink.

Algorithm 1 Algorithm to generate U/ for a line network
Initialization:
2: Initialize i.state according to a value m; which is [hop distance of ¢ from 0] modulo (K + 1)
We set i.state tobe Rif m; =0, T if m; =1, and I, 1 if m; > 2
4: Initialize slot index ¢t =0
Initialize policy Uy = ||
6: while slotindex t < (K + 1)(M — 1) + 1 do
Initialize activation set U () = |]
8: S ={(4,4) € Es. t.i.state =T, j.state = R}
for (i,7) € Sdo

10: if 7 has a packet from a source s then
append (s, (i,7)) to U(¢)
12: else if 7 has not generated a packet then
append (4, (¢,7)) to U(t)
14: end if
end for

16: append U (t) to Uy
For every i, update ¢.state according to Figure 4.6
18: t—t+1
end while

An example policy for a line network with A/ = 3 under a K = 2 hop interference
constraint, with node states I', R, and [y, is illustrated in Figure 4.7 for a single period.
The same sequence of activation sets, Uy, is then repeated periodically. We refer to this
policy as SS-Line. Algorithm 1 generates Uy in (K + 1)(M — 1) + 1 steps, where each
step (lines 7-18 of the algorithm) requires at most O(M) operations. Hence, the overall
computational complexity of SS-Line is O(K M?). Additional properties of the policy are

stated in the proposition below.

Proposition 4.8. Algorithm 1 generates a periodic policy (SS-Line) with period (K +
1) (M — 1) + 1, which satisfies constraints (4.4)-(4.6) as well as the PeDe property.

The proof is presented in Appendix 4.C. We now extend Algorithm 1 to tree networks
by applying it to individual lines (t-lines) within the tree. The resulting algorithm for gen-

erating scheduling policies in tree networks is given in Algorithm 4. For clarity, we first
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Figure 4.7: Example schedule for a line network with M/ = 3 and K = 2-hop interference
constraint. The states of each node are 7', R, and I;. The T'x state also denotes packet
generation. The arrows show packet transmission. Algorithm 1 also produces the activation
setin slot 4. In Improved Algorithm 1 this activation set is skipped, since there are no actual
transmissions in this slot, in order to reduce the period from 7 to 6.

discuss the extension for two specific tree topologies: the multiline topology and a tree with

a single top-subtree. In this discussion, the parent of a node v is denoted by p(v).

4.4.2 Sampling and Scheduling Algorithm for Multiline Networks

Initial Idea: A straightforward extension to multiline networks proceeds as follows. We
first select a t-line, typically the one with the largest number of packets to be transmitted,
and apply Algorithm 1 to generate the sequence of activation sets for sampling and for-
warding packets along that t-line. No other t-line is scheduled until all packets from the
selected t-line have reached node 0. Once all packets from the current t-line are delivered,
another t-line with the largest remaining number of packets is selected, and the same pro-
cedure is repeated. The sequence of activation sets generated for each t-line is appended
to the sequences from previously scheduled t-lines. This approach produces a policy that
transmits one packet from each source per period while satisfying the /K '-hop interference
constraints.

Improved Policy: It is intuitive that the policy described above can be improved by al-
lowing concurrent transmissions on different t-lines while still satisfying the K -hop con-
straints. (Note that within a single t-line, the activation sets already satisfy the K-hop
constraints by evolving node states according to Figure 4.6.) Consider a pair of t-lines
whose nodes have states in 7', R, I;,. We say that a pair of t-lines is compatible in a given
slot if the (7', R) transmissions along both t-lines satisfy the /K -hop constraints. Compat-

ible t-lines can then be scheduled simultaneously. In Algorithm 4, this is implemented as
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follows. In each slot, we first select a t-line (or top-subtree) to serve as the base, and then
identify any other t-lines (or top-subtrees) that are compatible with it.

Finding compatible t-lines: Compatible t-lines that can be scheduled along with the base
are identified using the CanAddToBase function (Algorithm 2). The inputs to this function
are base and b, where b is another t-line. Since the node states in both t-lines are initialized
using the same procedure as in Algorithm 1 and evolve deterministically, compatibility
between base and b can be determined by examining the states of their top-subtree roots.
Using the transition scheme in Figure 4.6, we can identify at which hop distance the nodes
on both top-subtrees would be in state 7'. If the link-hop distance between these nodes
is less than or equal to K, concurrent transmissions are not allowed, and the two top-
subtree roots are considered incompatible; otherwise, they are compatible. For example,
with K = 2, the compatibility of two t-lines depends on the states of their top-subtree
roots. If the top-subtree root of base is in state R, then b’s top-subtree root can be in state
R or I for the two t-lines to be compatible. If base’s root is in state 7', b is compatible only
when its root is in state /;. Finally, if base’s root is in state /3, b is compatible if its root is
in state R, T, or I;. Determining the set of compatible t-lines requires O(K 2) time, since
each possible state of base’s root must be checked against every possible state of 0’s root.

If CanAddToBase returns True, b can be scheduled concurrently with base.

Algorithm 2 Function - CanAddToBase
function CANADDTOBASE(base, b)

2: s <— base’s top-subtree-root.state

if b’s top-subtree-root.state ¢ compatible-set(s) then
4: Return False

else
6: Return True

end if

8: end function

4.4.3 Sampling and Scheduling Algorithm for Tree Networks with a
Single Top-Subtree

We have discussed how t-lines in a multiline network can be scheduled. A single top-

subtree, however, consists of multiple t-lines, raising the question of how these t-lines

should be scheduled within the subtree. To illustrate how Algorithm 1 can be extended to

this case, we consider an example of a single top-subtree.
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Initial Idea: Consider a top-subtree with two t-lines: T1, consisting of nodes 0, 1, ..., ¢, c+
1,...,¢+ ny, and T2, consisting of nodes 0,1,...,c,c+n; +1,...,¢c+ ny + no. The
t-lines share the nodes 0, 1, .. ., ¢ as common nodes, and the total number of nodes is M =
c+n1+ns. A simple heuristic is to first generate a sequence of activation sets to transmit all
packets from T1 using Algorithm 1. In the slot when the last packet from T1 reaches node 0,
the state of node 1 would be 7', while the states of nodes 1,2, ...,¢c,c+ni;+1,...,c+ni+ns
would match the initial states for T2 under Algorithm 1. A sequence of activation sets for
T2 can then be generated starting from that slot. Under this heuristic, all packets from
one t-line are transmitted completely before scheduling the next t-line, with the next t-line
being selected in the final slot of transmission for the previous t-line. However, during the
phase when Algorithm 1 is applied to T2, the common nodes 1,2,...,c do not generate
new packets, even though the link activations include packet-generation decisions for these
nodes. It is therefore intuitive that the heuristic can be improved by activating the next

t-line, T2, before all packets from T1 are transmitted. We discuss this improvement next.

Improved Policy: A t-line is said to be active or activated during a time slot if at least one
link (7, j) in that t-line, satisfying i.state = 7" and j.state = R, is included in the activation
set for that slot. Subsequently, the states of all nodes in the t-line evolve according to the

state-transition diagram shown in Figure 4.6.

To improve the policy, we use a heuristic based on Gandham et al. [115]. The heuristic
waits only until the packets from nodes c+1,c+2, ..., c+n; reach node ¢ (or nodes closer
to node 0), and the states of nodes 1,2, ..., c match the initial states of the nodes for T2
under SS-Line, before activating T2. From the proof of Proposition 4.8, SS-Line requires at
most 1y (K + 1) slots to satisfy this condition. Rather than counting the number of slots, we
instead count the number of packets forwarded from the subtree root to node 0. Suppose
that the number of forwarded packets becomes strictly greater than n;, and consider the
first slot at which this occurs. Under SS-Line, this requires approximately 1 + n;(K + 1)
slots, by which time all packets from nodes c+ 1, c+2, ..., c+n,; would have reached node
c or beyond, and the states of nodes 1, 2, . . ., ¢ would match the initial node states required
for T2. To implement this idea in SS-Tree, we first initialize an activation threshold for
each t-line. This threshold denotes the number of packets that must be forwarded from the
t-line’s top-subtree root before the t-line is activated. Subsequently, while constructing the
activation sets, a t-line is activated whenever the number of forwarded packets exceeds its
activation threshold. The activation threshold initialization procedure is described in Algo-
rithm 3, where the required number of packets to be forwarded is computed recursively. In

the above example, T2 must wait for n; packets, which is equal to the number of sources in
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T1 that are descendants of the common parent. This value serves as the activation threshold
for all nodes after ¢ in T2. If the t-lines rooted at a subtree root are arranged in some order
(for example, by node id), then the activation threshold for a given t-line is equal to the total
number of descendants in all other t-lines that appear earlier in the ordering. The function
Initialize ActiveThreshold described in Algorithm 3, recursively computes the number of

descendants required to set the node.activethreshold, starting from the top-subtree root.

Algorithm 3 InitializeActiveThreshold
function INITIALIZEACTIVETHRESHOLD(node, num_packets)

2: node.activethreshold = num_packets
increment < 0
4. for c in children of node do
InitializeActiveThreshold(c, num_packets + increment)
6: increment < increment + number of descendants of ¢
end for

8: end function

4.4.4 Sampling and Scheduling Algorithm for Tree Networks

The Algorithm 4 outlines the procedure used to generate the sequence of activation sets.
The procedure is divided into two phases: the first phase performs the initialization, and
then the second phase generates the periodic activation sequence U (n).

In the initialization stage, each node is assigned its initial state, the packet generation
indicator flag (pflag) is set to false, and the activation threshold value is initialized. The
initial node states are determined by the function InitializeState, which assigns each node
to either the transmit state 7', the receive state R, or one of the X' — 1 idle states, namely
I, Iy, ..., I[x 1 for K > 2. This initialization follows the same state-assignment principle
used in SS-Line and is based on the hop distance of the node from the root (see lines 2-3
of Algorithm 1). The pflag variable is used to ensure that each node generates at most
one packet within a single period. For a top-subtree b, b.nb denotes the total number of
nodes in b, while b.pb is used to keep track of the number of packets that have not yet been
transmitted.

In the next phase, the activation sets are generated. The algorithm continues to execute
as long as there are untransmitted packets remaining in the tree (line 7). At the beginning
of each slot, all top-subtrees are initially marked as inactive (line 8). As discussed earlier,
a base top-subtree is selected. The same base top-subtree is retained from the previous
slot until all packets in that top-subtree have been transmitted. If no base top-subtree has

been assigned, then the algorithm selects the top-subtree containing the largest number of
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untransmitted packets as given in lines 10-12 (Algorithm 4). Thereafter, additional top-
subtrees are activated. To achieve this, we propose two activation methods. In the first
method, termed SS-Tree, the other top-subtrees b in decreasing order of b.pb (i.e., their un-
transmitted packet count), and those that are compatible are included in the activation set
(lines 14-18). In the second method, referred to as SS-Tree with Continue-Service denoted
as CS, priority is given to the top-subtrees that were activated in previous slots (see lines
19-24), followed by the consideration of the remaining top-subtrees (lines 25-29). The top-
subtrees that have been activated during the previous K -+ 1 slots are maintained in the set
PreviouslyScheduledSubtrees. Finally, in lines 31-35, the activation sets are determined,
and the states of all active top-subtrees are updated using the function ScheduleAndState-
Update (see Algorithm 5). In ScheduleAndStateUpdate (Algorithm 5), the top-subtree root
is considered first. If its state is 7', it either generates a packet, after checking through pflag,
that no packet has already been generated in the current period, or forwards a packet if one
is available in its buffer (see lines 4-13). The corresponding link transmission is then added
to the activation set for slot U(¢) in line 13. Next, each descendant of node v is examined
to determine whether it can be activated based on its activation threshold. If a descendant
node d is active and its state is 7', it can either generate a packet or forward a buffered
packet. Likewise, the corresponding link transmission is included in the activation set for
slot U(t) in line 25. The states of all active nodes are then evolved by one step according
to the state-transition diagram as in Figure 4.6.

Discussion - SS-Tree and CS satisfy PeDe with a finite period: As long as there are
untransmitted packets in any top-subtree, Algorithm 4 always selects some top-subtree
as the base (see lines 8-12). In the worst case, only the base top-subtree remains active
when no other top-subtree is compatible with it. Within the base, the t-lines are activated
sequentially so that packets are forwarded from all nodes to the top-subtree root (see the
discussion on the activation threshold). An upper bound on the number of slots required
to forward all packets from a top-subtree b is (K + 1)n;. Therefore, in the worst case, the
total number of slots required is bounded above by (K + 1) . We use this bound below

to characterize the algorithmic complexity of Algorithm 4.
Proposition 4.9. The time complexity of Algorithm 4 is O(K*M?* + K M?*log(M)).

Proof is given in Appendix 4.D.

Remark 4.1. We note that Algorithm 1 can be further improved, as discussed in P(4.3)-
Improvement. Similar improvements are implemented into Algorithm 4, as described be-

low.
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Algorithm 4 Algorithms to generate Uy for a tree network

2:

4.

10:

12:

16:

18:

20:

22:

24

26:

28:

30:

32:

34.

36:

38:

40:

42:

Initialization:
VYo € V, InitializeState(v), v.buffer < 0, v.pflag <— False
Vb € Riop, b.pb = number of sources in b’s subtree, b.nb = b.pb
Vb € Riop, InitializeActiveThreshold(b, 0)
t < 0, base < ¢, PreviouslyScheduledSubtrees < [ ]
Initialize policy U = []
Sampling and Scheduling:
while any b.pb > 0 for b € R4, do
Vb, b.active = False
if base = ¢ then
base = arg max, {b.pb}
end if
base.active = True
if Algorithm is SS-Tree then
for b € Ry,p \ {base}, ordered decreasingly by b.pb do
if CanAddBase(base, b) and b.pb > 0 then
b.active = True
end if
end for
else > Algorithm is CS
for b € PreviouslyScheduledSubtrees \ {base}, ordered decreasingly by b.pb do
if CanAddBase(base, b) and b.pb > 0 then
b.active = True
end if
end for
for b € Ry, \ {PreviouslyScheduledSubtrees}, ordered decreasingly by b.pb do
if CanAddBase(base, b) and b.pb > 0 then
b.active = True
end if
end for
end if
for b € R¢op do
if b.active = True then
Uy (t) < ScheduleAndStateupdate(b, t)
Append Uy (t) toU
end if
end for
if base.pb = 0 then
base = ¢
end if
Update PreviouslyScheduledSubtrees
t—t+1
end while
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Algorithm 5 ScheduleAndStateupdate (b, t)

10:

12:

14:

16:

18:

20:

22:

24:

26:

28:

30:

32:

34.

36:

function SCHEDULEANDSTATEUPDATE(D, t)

Initialization:
v <— top-subtree root of b
Initialize activation set U () = ||
if v.state = T" and v.pflag = False and v.bufferlength = 0 then
v generates a packet
v.pflag = True
v.bufferlength = v.bufferlength + 1
end if
if v.state = T" and v.buffer > 0 then
v forwards the head-of-queue packet pk in its buffer to p(v) = 0
v.bufferlength = v.bufferlength - 1
v.pb=v.pb -1
Let s be the source for pk. Append (pk, (v, p(v))) to U(t)
end if
for each descendant d of v do
if v.nb — v.pb > d.ActivityThreshold then
if d.state = T and d.pflag = False and d.bufferlength = O then
d generates a packet
d.pflag = True
d.bufferlength = d.bufferlength + 1
end if
if d.state = T" and d.bufferlength > 0 then
d forwards the head-of-queue packet pk in its buffer to its parent p(d)
d.bufferlength = d.bufferlength - 1
Let s be the source for pk. Append (pk, (d, p(d))) to U(¢)
end if
end if
end for
v.state = updateState(v.state)
for each descendant d of v do
if v.nb — v.pb > d.ActivityThreshold then
d.state = updateState(d.state)
end if
end for
Return U (¢)

end function
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Specifically, P(4.3)-Improvement is applied before line 13 of Algorithm 4. At this stage,
we check whether the current sequence of node states in the base top-subtree allows at least
one packet transmission. If no transmission is possible, multiple state-transition steps are
applied to every node, following the transition diagram in Figure 4.6, until a sequence of
node states permitting at least one transmission is obtained. Since the value of pb for the
base top-subtree is positive, we note that such a state sequence must always exist. We also
apply P(4.3)-Improvement to the other t-lines b before they are activated. First, we note
in Algorithm 4, the lines 16-18, 22-24, and 27-29 are same. These lines implement the
addition of t-lines other than the base. To implement P(4.3)-Improvement, each of these

are replaced by the following logic:

1: if CanAddBase(base, b) and b.pb > 0 then

2 if bhas a packet transmission then b.active = True
3 else
4 Update state for every node in b
5: if sequence of states has repeated then
6 Stop
7 else Goto step 1
8 end if
9: end if
10: end if

We first check whether a compatible t-line b to be added has at least one packet transmis-
sion, as in line 2 above. If this condition is satisfied, the t-line is set to be active.
Otherwise, the node states are updated iteratively (line 4) until one of the following
conditions is met: (a) the sequence of node states repeats, indicating that no state sequence
exists in b that is both compatible with the base and allows at least one packet transmission;
in this case, the procedure stops (line 6), and another t-line b is considered, or (b) a sequence

of node states is found that is compatible and permits at least one packet transmission.

4.5 Simulations and Performance Analysis

In this section, we present the A,,, performance of the proposed heuristic policies. The
improved versions of these heuristic policies (see Remark 4.1) are considered throughout
the analysis. The obtained average age of incorrect information is compared against the
numerical lower bound, denoted by Agin, as well as the analytical lower bound derived

in Proposition 4.7. In addition, the A,,, performance of the proposed periodic determinis-
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Figure 4.8: Simulated AAol for line networks under SS-Tree, CS, Age-Difference, and
Age-Debt policies. Results are compared with the analytical lower bound and Agpi.1, for
varying M: (a) K =1, (b) K =2,and (¢c) K = 5.

tic policies is compared with existing policies from prior work, namely the Age-Difference
policy and the Age-Debt policy proposed in [9]. The simulations and performance analysis
are carried out for different network topologies, such as line, multiline, and tree networks,
as well as for different values of K in the K -hop interference model and varying total num-
bers of nodes M. The periodic policies SS-Tree and CS are simulated over one complete
period to obtain d;, Vs, and the period length /V, based on which the AAol is computed.
The resulting simulated values of A,,, over one period provide easily computable upper
bounds on A, for periodic deterministic policies. The A,y values for the Age-Difference

and Age-Debt policies are obtained through simulations over 5000 slots. We note that

Age-Difference and Age-Debt are generally non-periodic or non-deterministic policies'!.

"Certain implementations of the Age-Difference and Age-Debt policies are non-deterministic, where the
activation set is selected randomly from the collection of sets that minimize the scheduling metric. Even
in deterministic implementations without such randomization, our simulations indicate that, in many cases,
no periodic pattern can be identified in the resulting scheduling decisions. Although periodic behavior is
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Figure 4.9: Simulated AAol for line networks under SS-Tree, CS, and Age-Difference
policies for larger values of M: (a) K =1, (b) K =2, and (c) K = 5.

In Figures 4.8(a)-(c) we compare A, of SS-Tree and CS with Age-Difference and
Age-Debt as well as the analytical lower bound in Proposition 4.5 and GLPK lower bound
(Agipi—i from Section 4.3.1) for line networks as a function of M for K € {1,2,5}.
We note that, in all cases, the performance of SS-Tree and CS is the same, as expected,
since there is only a single line, and they closely match the numerical and analytical lower
bounds, which implies that they are close to optimal. For all cases, the periodic policies
have a smaller A,,, compared to Age-Difference and Age-Debt. The percentage differ-
ence between Age-Difference and SS-Tree (or CS) increases with increasing M. Age-Debt
is observed to achieve a larger AAol compared to Age-Difference policies in every case
considered. The Age-Debt policy considered here is the non-learning variant that employs
flow control with parameters oy, = HM and V' = 183 (see [9]). We also examined

learning-based approaches for selecting appropriate « values for each source node based

observed in certain scenarios, these policies are, in general, treated as non-periodic because there is no iden-
tifiable period.
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on the corresponding age values obtained from the Age-Difference policy. In addition, we
considered assigning identical « values to all source nodes, chosen as the average age under
the Age-Difference policy. However, neither of these learning-based approaches resulted
in improved performance of the Age-Debt policy compared to the results reported in [9].
In contrast, the parameter choice apn,x = 5M and V' = 183 successfully reproduced the
results presented in [9]. In Figures 4.8(a)-(b), smaller values of M are considered, since
obtaining the numerical lower bound A, and enumerating the complete set of activa-
tion sets required for the Age-Difference and Age-Debt policies become computationally
challenging. In Figures 4.9(a)-(c), we compare the performance of the Age-Difference,
SS-Tree, and CS policies against the analytical lower bound for larger values of M. The
Age-Difference policy selects an activation set in each slot according to [9, Eq. 13], given
by arg max,, .y (age-difference(m)), where age-difference(mn) denotes a metric that de-
pends on the activation set m. For larger values of M, instead of searching over the full set
U, we restrict the choice of m to the set of activation sets generated by the SS-Tree or CS
policies. This significantly reduces the computational burden associated with enumerating
the complete activation set space. Again, we observe that the AAol performance of the
Age-Difference policy is worse compared to that of SS-Tree and CS. For M = 200, the
percentage increase in AAol relative to SS-Tree (or CS) is 76.2%, 96.5%, and 65.2% for
K =1, K =2, and K = 5, respectively, as shown in Figures 4.9(a)-(c). The optimality
is expected as the state-transition based policy (see Fig. 4.6) would achieve the minimum
N and since our policy schedules packets contiguously, the delivery delay is the same as

hop-distance.

Next, we consider multiline network topologies, as shown in Figures 4.10 and 4.11. In
our simulations, random multiline networks are generated as follows. First, a fixed value
of M is chosen. For each value of M, the nodes are assigned to B subtrees by sampling the
subtree sizes n;, from a multinomial distribution with uniform probabilities, subject to the
constraint that the total number of nodes equals M. In this study, we set B = 2. For each
value of M, we randomly generate 100 network instances. For every such network and for
each policy under consideration, we compute A,,. A scatter plot of the points (M, Ayy)
is then used to illustrate the variation of A,,, across different networks for each policy. In
addition, we plot the mean value of A,,,, averaged over the 100 network instances, as a
function of M for each policy. These mean values are shown as thick lines, with markers
indicating the corresponding average age at each value of M. As before, smaller values of
M are considered in Figures 4.10(a)-(c). For all values of /', we observe that the proposed

analytical lower bounds closely match Ag,,_;,. However, we observe that the proposed
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Figure 4.10: Simulated AAol for multiline networks under SS-Tree, CS, Age-Difference,
and Age-Debt policies. Results are compared with analytical lower bounds Ayjpk-ip(Vss)
and Agjpk.1p for varying M: (a) K =1, (b) K = 2, and (c) K = 5.

policies, SS-Tree and CS, yield a larger value of A,,, compared to Ag,,_. This gap is as
high as 27.8% for K = 5. The A, achieved by the Age-Difference policy is further higher
when compared to SS-Tree or CS. An interesting observation is that the AAol achieved by
SS-Tree and CS closely matches A, (Ns), where N,y denotes the period obtained for
both policies. This suggests that these policies are near-optimal for the corresponding
period. However, the period satisfies Ny; > Nj,. For larger values of M, as shown in
Figures 4.11(a)-(c), we again observe that SS-Tree and CS achieve smaller or comparable
values of A,,, relative to the Age-Difference policy, which is non-periodic and uses the
same set of activation vectors as SS-Tree and CS. For M = 200, the percentage increase in
AAoI of the Age-Difference policy relative to SS-Tree (or CS) is 49.8%, 15.9%, and 13.3%
for K =1, K = 2, and K = 5, respectively, as shown in Figures 4.11(a)-(c). The lower
bound uses the analytical lower bound on N. However, we conjecture that the lower bound

on N is weak, since if we use the /V,, obtained from simulating the SS policy in the lower
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Figure 4.11: Simulated AAol for multiline networks under SS-Tree, CS, Age-Difference,
and Age-Debt policies for larger values of M: (a) K = 1, (b) K = 2, and (¢c) K = 5.
Results are compared with analytical lower bounds.

bound, the gap vanishes. However, we do not have a better lower bound for N, which is a

possible direction for future work.

In Figure 4.12, we compare the AAol achieved by the different policies along with
the corresponding lower bounds for tree network topologies. For each value of M, we
generate an ensemble of 100 randomly selected tree topologies. Each tree is constructed
by uniformly sampling from the set of all tree topologies with M nodes using a Priifer
sequence-based method [93]. The scatter plots and the average values of A,,, across the
network ensemble are obtained in the same manner as discussed earlier and are illustrated
in Figure 4.12. In Figure 4.12(a), smaller values of M are considered. As before, we
observe that the analytical lower bound closely matches Ag,_;,. The SS-Tree and CS
policies also achieve values of A,,, that are close to Aglpk—lb(Nss)- However, for M = 30,
SS-Tree and CS exhibit a higher A,,, compared to A, with a percentage difference
of 24.6%. The AAol performance for larger values of M is shown in Figure 4.12(b). From
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Agipky for varying M with K = 5: (a) full comparison; (b) results for larger M under
SS-Tree, CS, and Age-Difference policies.

this figure, we note that the percentage gap between SS-Tree (or CS) and the analytical
lower bound decreases to 10.9% when M increases to 200. The Age-Difference policy
again yields a larger A,,, compared to SS-Tree and CS. The percentage increase of Age-
Difference relative to SS-Tree (or CS) is 5.4% at M = 30 (Figure 4.12(a)) and increases
to 11.6% at M = 200 (Figure 4.12(b)). Again, the lower bound uses an analytical lower

bound on N. Improving the lower bound on N is relegated to future work.

4.6 Extensions

4.6.1 Extension: Networks with Packet Losses

In this section, we present heuristic extensions of our policies to the case of networks with
packet losses. The network model that we consider here is similar to that in Section 4.2
except for packet losses. We assume that each packet transmission on a link fails with a
probability p. This failure event is independent and identically distributed (IID) across slots
as well as across links'?. We assume that successful transmissions are acknowledged at the
link level, so that when a transmission (s, (4, 7)) fails, 7 is aware of the failure. We consider
the following modification to SS-Tree and CS policies to operate in networks with packet
losses. First, we obtain the periodic deterministic schedule (with period N,,) for SS-Tree

and CS from Algorithm 4 under the assumption that the network does not have any packet

12The discussion can be extended to the case of links with different failure probabilities.
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losses. We operate the network under this schedule. Suppose the transmission (s, (i,7)) €
Ul(ty) fails in the t?h slot in a period. The s source’s packet is discarded and in that period
any subsequent link transmission of the form (s, (¢, j)) € U(t), where t; < ¢t < N and for
any (7,7) € & is not done. For SS-Tree and CS policies, the packet would be generated
again in the next period and delivery to node 0 is attempted. For comparison, we assume
that for Age-Difference and Age-Debt policies, the packet is discarded if there is a packet
loss, and subsequent packet generation and forwarding is done in accordance with the age
and virtual queue evolution respectively. We note that for Age-Difference and Age-Debt
an alternative would be to buffer the s source’s packet at i if the transmission (s, (i, j))
fails and then re-try transmission. We denote this alternative as Age-Difference-Retry (or
Age-Debt-Retry), while the former policies are denoted with a suffix -Discard.

Lower Bounds on A,,, for Periodic Deterministic Policies: We note that the lower
bounds derived in Proposition 4.6 can be extended to any periodic deterministic packet-
discard policy. The extension of these lower bounds is based on the following characteri-
zation of the A,,,. Consider a source s that is at a hop distance of h, from 0. We note that
the probability of successfully transmitting a packet from s to 0 is p, = (1 — p)"* since all
link transmissions from s to 0 should be successful. Let p;; = 1 — p;. We then have the

following characterization of the A,y,.

Proposition 4.10. The average AAol for any periodic deterministic policy with period N

employing packet discards is A,,, = ﬁ Zi\il (ds + %%—f”), where dg is the delay in

delivering a packet from s to 0 under the policy.

Proof. We characterize A,,, using Renewal Reward Theorem (RRT) [92] by identifying a
renewal process in the evolution of A$(¢). The renewal instants are the slots just after suc-
cessful delivery of a packet; A5(t) at the start of a renewal cycle is ds. The renewal cycle
is the random number of periods taken for the successful delivery of a packet from s. The
number of such periods is Geometric with success probability p, and is IID; we use 2 to
denote the number of periods in a renewal cycle. The number of slots in a renewal cycle is
N R. The cumulative age in a renewal cycle is d;,NR+ NR(NR — 1)/2 since A%(¢) is lin-
early increasing in a renewal cycle. Using RRT A, is the ratio of the expected cumulative
N-1) (2—ps)

age to the expected number of slots in a renewal cycle; this ratio is (ds + (Tp—>

The average over all sources gives us the above result. ]

From Proposition 4.6 we have that each d; > h,. Also, for any periodic deterministic

policy we have that N > Ny,. Thus, we have the following corollary.
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are shown for tree networks with packet losses (p = 0.05) under 2-hop interference.

Corollary 4.1. The A,,, for any periodic deterministic policy employing packet discards is

bounded from below as Agyy > ﬁ Zi\il (hs + W%)

Simulation Results: In Figure 4.13, we compare the AAol for SS-Tree-Discard, CS-
Discard, Age-Difference-Discard, Age-Difference-Retry, as well as the lower bound from
Corollary 4.1. Tree networks with p = 0.05 and 2-hop interference are considered. For ev-
ery M, we consider 100 randomly chosen tree topologies (generated using Prufer sequences
as described in Section 4.5). Age-Debt-Discard as well as Age-Debt-Retry are excluded as
their A,,, are much worse compared to the other policies. We also note that in simulation
of A, for Age-Difference-Discard, some nodes do not successfully transmit packets to
the sink node. For example, the average percentage of nodes without packet deliveries to
0 are 0.04%, 0.07%, and 2.08% in 100 graphs for M = {25,30, 50} respectively. These
nodes are excluded from the A,,, calculation. We observe that SS-Tree-Discard as well
as CS-Discard perform better than Age-Difference-Discard, while Age-Difference-Retry

(which is non -periodic) has the best performance!?

4.6.2 General Functions of Aol

In this section, we extend the discussion to the case where the performance metrics are

defined as general functions of the Aol.

3The lower bounds are for periodic policies while Age-Difference policies are non-periodic and can have
a AAol smaller than the lower bounds.
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4.6.2.1 General Function of Aol for a Source

In many applications [11], the performance metric of interest is a nonlinear, non-decreasing
function f(A§(t)) of the Aol corresponding to source s.

For a periodic deterministic policy with period N satisfying PeDe, we denote the time
average of f(Ag(t)) for source s by AFAol(s). Since the evolution of Aol is periodic,
as illustrated in Figure 4.2, the Aol values assumed by Aj(¢) over a period are dg, ds +

1,...,ds + N — 1. Therefore, for source s, we have
=
AFAol(s) = N flds +1). 4.11)

Il
=)

7

As a system level performance metric, we define the average across all sources as AFAol =
LS AFAoI(s).

Since f(.) is non-decreasing, f(ds+ 1) is also a non-decreasing function of d. Further-
more, for a fixed value of dg, it can be shown that AFAoI(s) is non-decreasing in the period
N. Therefore, a possible approach for minimizing AFAol is to design a policy that jointly
minimizes both d; and N. As from the discussions regrding P(4.3) and P(4.3)-Improvement
in Section 4.4, the SS-Tree and CS policies are designed to heuristically minimize d; for all
s, as well as the period N. Hence, we propose using SS-Tree and CS without modification
for any general non-decreasing function f(-). To evaluate the performance of SS-Tree and

CS, we next derive numerical and analytical lower bounds on AFAol.

Proposition 4.11. Let AFAol(s) = Nilb ZZN:Z%_I f(hs+1), where hg is the hop-distance of
source s and Ny, has been obtained from Proposition 4.6.

We define AFAoly, = +- 2%21 AFAoly(s). Consider a tree network with K -hop inter-
ference and a non-decreasing function f(.) of the Aol. For any policy satisfying PeDe we

have that AFAol > AFAol,,.

Proof. Consider AFAoI(s) for any non-decreasing f(.). Then, f(ds + i) > f(hs + 1)
where , is the hop distance of source s. For any N, it can be shown that +- Ef\:ol f(hs +
i) < N+r1 Zi]\io f(hs + 7). Any periodic deterministic policy that satisfies PeDe has
N > Ny, (from Proposition 4.6). Therefore, a lower bound on AFAoI(s) is AFAol(s) =
LSt f(hy +i). We define AFAol, = L 3" AFAol,(s), so that AFAol

Ny >
AFAOIlb. [

For functions f(.) which are also convex, we have the following numerical as well as
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analytical lower bound.

Proposition 4.12. For a tree network with K-hop interference and a non-decreasing con-

vex function f(.), we define AFAol._,(N) as the optimal value of the following problem.

min AFAol, 4.12)
(ds,gs,n ,ain Vs€[M],ne[N],l€E)

subjectto  (4.2),(4.3),(4.4),(4.5),(4.6),(4.7).

Here we consider ds, gs n, a} Vs € [M],n € [N],l € £) as non-negative real numbers. Let
AFAol._y, = miny AFAol._;,(N) for feasible N. For any policy satisfying PeDe we have
that AFAol > AFAol._y,.

Proof. The objective is AFAol which is a function of dj, Vs for a fixed N. Suppose f(.) is
a convex function of Aol. We then have that f(d + ¢) is a convex function of d for a fixed
i. Since AFAoI(s) for a fixed NV is a sum of convex functions of d (see (4.11)), it is also
a convex function. The objective AFAol is the average of AFAoI(s) and hence is convex.
The relationships between ds, gs », and aj,, are captured in the linear constraint (4.7). All
other constraints are also linear. By relaxing the integer constraints on g, a;,, and d;
we obtain a convex optimization problem that can be solved numerically using standard
solvers such as Gurobi [121]. The optimal value of this problem which is a function of N
is denoted as AFAol._;,(N). We define AFAol._;, = miny AFAol._;(/N), which is the

lower bound for convex f(.). O

As in Proposition 4.3, we can show that AFAol._j, is minyegy,,
where N,,in, = Ny and N,,q0 = ZSQM} hs.

Simulations and Performance Comparison: In this section, we compare the AFAol

Nmaz} AFAOIC_lb (N)

in ey

achieved by the SS-Tree and CS policies with the corresponding lower bounds. We con-
sider two representative choices for f(.): (a) f(a) = a?, and (b) f(a) = [{a > 10}. The
simulations and performance comparisons are carried out for different network topologies,
values of M, and different values of K. In Figure 4.14, we consider the case f(a) = a?
and compare the AFAol of SS-Tree and CS with the numerical lower bound from Propo-
sition 4.12 and the analytical lower bound from Proposition 4.11. For line networks, the
AFAoI achieved by SS-Tree and CS matches both the numerical lower bound AF Aol

“Smaller values of M are considered primarily due to the computational complexity involved in solving
the convex optimization problem. However, the proposed algorithms as well as the analytical lower bounds
can be extended to larger values of M, as demonstrated in Section 4.5.
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Figure 4.14: Simulated AFAol for line, multiline, and tree networks under SS-Tree and
CS policies. Results are compared with the general lower bound AF Aoly, and the Gurobi-
based bound AF Aol.y, for varying M and K, using f(a) = a*: (a) line (K = 2), (b)
multiline (K = 2), and (¢) tree (K = 5).

and the analytical lower bound AF Aoly,. For multiline and tree network topologies, how-
ever, SS-Tree and CS exhibit larger AFAol values compared to the corresponding lower
bounds. Further improvement in the performance of SS-Tree and CS for these topologies

remains an interesting direction for future work.

In Figure 4.15, we consider the case f(a) = I{a > 10}, which is non-convex and
corresponds to the age violation probability [122]. We compare the AFAol achieved by SS-
Tree and CS with the numerical lower bound given in Proposition 4.11. For line, multiline,
and tree network topologies, the AFAol values obtained using SS-Tree and CS closely
match the analytical lower bound, with percentage differences of 0%, 0.05%, and 0.02%,
respectively, as M increases to 200. We note that the optimization of packet generation
rates for minimizing the age violation probability has been studied in [122]. In our setting,

however, the packet generation rate is determined by the period V.
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Figure 4.15: Simulated AFAol for line, multiline, and tree networks under SS-Tree and
CS policies. Results are compared with the analytical lower bound AF Aol, for varying
M and K, using f(a) = I{a > 10}: (a) line (K = 2), (b) multiline (KX = 2), and (c) tree
(K =5).

4.6.2.2 Aol Metrics for the System

So far, we have considered the average of AAol(s) or AFAol(s) as the performance met-
ric for the system. We now extend the discussion to a weighted AAol metric!®, defined
as WAAol = % Zi\il wsAAol(s), where w, > 0 are weights assigned to every source
in the network s € [M], these weights can be utilized to prioritize the packets from
different sources. For periodic deterministic policies satisfying PeDe, the lower bounds
derived earlier for AAol can be naturally extended to WAAOoI. In particular, the numer-
ical lower bound obtained from the linear program, Ag,,_;(N), extends directly since
the corresponding objective function becomes - SM w,(ds 4+ (N —1)/2) which is still

linear. Therefore, the lower bound A, can also be extended to the case where the

3This discussion can also be extended to weighted AFAol metrics.
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Figure 4.16: Simulated WA Aol for line, multiline, and tree networks under SS-Tree and
CS policies. Results are compared with the analytical lower bound for varying M and
K, with source weights randomly selected from [1,10]: (a) line (K = 2), (b) multiline

(K = 2), and (¢) tree (X = 5).

metric is WAAoI. Similarly, the analytical lower bound from Proposition 4.7 extends to

WAAol > ﬁ Zi‘il Wy (hs + ng_l), where h, and N, are as before. We propose to use

SS-Tree and CS algorithms without any modification, since for every source the Aol metric

is an increasing function of the Aol (i.e., wsA§(t)).

Simulations and Performance Comparison: In Figure 4.16, we compare the WAAoI
achieved by the SS-Tree and CS policies with the analytical lower bound % Zi\il W (hs +
The weights w, corresponding to each source s € M are randomly selected from the range

[1,10]. We observe that, for line networks under 2-hop interference, the WA Aol achieved

B) .

by the SS-Tree and CS policies matches the analytical lower bound. However, for multiline

and tree network topologies, the percentage gap between SS-Tree (or CS) and the analytical

lower bound increases with M.
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4.6.2.3 Other Metrics for Sources and System

Another widely used information freshness metric is the Peak Age of Information (PAol)
[44]. For periodic deterministic policies, the PAol corresponding to source s is given by
PAoI(s) = ds + (N — 1)/2, where N denotes the policy period. The average or weighted
PAol across all sources can be defined as 17 > w,PAol(s). It is evident that the previ-
ous discussions on AAol and WA Aol extend directly to this case, since the corresponding
expressions are same. As discussed under the basic principle P(4.3), the SS-Tree and CS
policies heuristically aim to jointly minimize d for all s and the period N. For periodic
policies, this also implies that they seek to minimize the peak Aol, i.e., max; A§(t), Vs.
Another relevant system-level performance metric is the Age of Stalest Information

(AoSI) [123]. For the system considered here, the time-average AoSI is

T
: 1 s
lim [? g max Aj(t)

. We note that Zthl max, A5(f) > max, 7 ZL A3(t). Hence, the time-average AoSI
is lower bounded by maxg; AAol(s). Since the proposed policies (through P(4.3)) heuristi-
cally aim to jointly minimize d; for all s and the period N, they also minimize max; AAol(s),
and consequently provide a lower bound on the AoSI. Furthermore, as the proposed peri-
odic policies also heuristically reduce the peak Aol for each source s, evaluating their
performance for metrics such as AoSI is relevant and will be considered in future work.

For applications such as remote estimation, performance metrics like mean-squared
error (MSE) have been shown to be related to the AAol. The relationship between MSE and
AAoI has been analyzed for Wiener processes in [1] and for Ornstein-Uhlenbeck processes
in [73, 124]. Since proposed periodic policies minimize the AAol, they also have utility in

such applications.

4.7 Conclusions

Motivated by practical industrial network protocols, we studied the design of periodic de-
terministic policies for minimizing the AAol in tree networks under K-hop interference
constraints. The problem of obtaining policies that achieve minimum AAol was formu-
lated as an integer programming problem. A linear programming relaxation of this problem
was employed to obtain numerical lower bounds on the minimum AAol. Furthermore, an-

alytical lower bounds on the minimum AAol were derived and utilized in the performance
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evaluation. For line networks, we proposed the SS-Line policy, inspired by Gandham et
al. [115], which leverages the concept of node states along with a special state-transition
scheme to generate a schedule of link transmissions that satisfies the K -hop interference
constraints. SS-Line was subsequently extended to two heuristic policies for tree networks,
namely SS-Tree and CS. The AAol performance of these proposed policies was evaluated
through extensive simulations conducted across a variety of network topologies, includ-
ing line, multiline, and tree networks. In all cases, the proposed analytical lower bounds
were found to match the numerical lower bound Ag,;_;. For line networks, across all
considered values of K, the proposed periodic policies achieve an AAol that matches both
the analytical lower bounds and the numerical lower bound A,;_;. For multiline and
tree network topologies, for all considered values of K and sufficiently large M, the pe-
riodic policies achieve an AAol that matches with or is smaller than the Age-Difference
and Age-Debt policies. Additionally, we observe that the proposed policies attain an AAol
that closely aligns with the lower bound A, (Nss), where Ny, is the period realized
by these policies. We then extended the discussion to scheduling for general functions of
AAol. Analytical lower bounds, as well as a numerical lower bound based on a convex

optimization formulation, were presented.
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Appendix

4.A Computational Difficulties Associated with ILP

The complexity of solving Integer Linear Programs (ILP) can vary depending on the al-
gorithm used. Lenstra’s algorithm [125] solves ILP with a run-time complexity of 20(n%) .
(m - 1og V)°W) where n represents the number of variables, m denotes the number of con-
straints, V' is the largest coefficient in the ILP formulation. The term 2°(*") captures the
exponential dependence on the number of variables. The polynomial factor (m -log V)9
reflects the impact of the number of constraints and the magnitude of the coefficients on
the overall run-time. So the complexity is exponential in the number of variables.

For our problem (4.8) which needs to be solved for a fixed period N, we formulate an
optimization problem with several variables and constraints. The total number of variables
and constraints are as follows.

I) Total number of variables:

* For g,,, s ranges from 1 to M, and n ranges from 1 to [V, resulting in a total of
M x N variables.

* For aj,,, s ranges from I to M, n ranges from 1 to N, and [ ranges from 1 to L,

resulting in a total of M x N x L variables.

Thus, the total number of variables is M x N + M x N x L (which is n in the above
discussion).

II) Total number of constraints:

« Constraint (4.2): 3. | g,, = 1,¥s € [M]. This gives a total of M constraints.

* Constraint (4.3): >, - () D a;,, = 1,Vs € [M]. This also results in M con-

n=1

straints.

« Constraint (4.4): 3.2, (216E+(v) A+ D ien- () ain> < 1. This constraint gives
a total of N x (M + 1) constraints.

¢ Constraint (4.5): Zi\il aj, + Zi‘il aj,, < 1. The total number of these constraints
is L x |N;| x N.

* Constraint (4.6): ZleEJr(z‘) aj, < ZleE*(i) Zn/gn_1 aj, +6(i — s) angn Gsn' —
> 1e B+ (i) 2on'<n—1 @i~ There is one such constraint for each 4, each s, and each n,

resulting in M x M x N constraints.
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Therefore, the total number of constraints is M + M + N x (M + 1)+ L x |N;| x N +

M x M x N. We note that this is m in the above discussion.

4.B Proof of Proposition 4.6

Proof. We consider relaxation of the constraints in (4.8). We remove the constraint (4.6)
since our lower bound is based on counting the number of slots required to collect packets at
0 without any consideration to the ordering. We assume that (4.2) and (4.3) hold. However,
(4.4) and (4.5) are assumed to hold only for links of the form (7, 0), where 7 is a top-subtree
root. The proof then proceeds similarly as in the case of the multiline network. We first
obtain the exclusive slots for every subtree. Consider a node ¢ in a subtree b which is at
a hop distance h, where h € [[K/2]]. If i transmits a packet (either its own or one of
its descendants), then due to K-hop interference, there cannot be any transmissions from
any node j in any top-subtree, where j’s hop distance is within [ K/2]. We note that this
corresponds to slots in which links of the form (¢, 0) are scheduled or constrained to be
not scheduled (corresponding to variables af, ) , being 1 or 0). In a tree, let ny(h) denotes
the number of nodes in top-subtree b which are within a hop-distance of h from 0, with
n(0) = 0. Since the total number of sources in b with hop distances at most / is n,(h), i
has to transmit n, — n,(h — 1) packets using the same number of slots. And these slots are
exclusive since no other node j as discussed above can transmit. By considering all nodes
i within a hop distance of [ K /2] for b, we define the number of exclusive slots e, for a
top-subtree b as e, = ,EK/lz](
PeDe is therefore bounded below by >, ;.

— ny(h — 1)). The number of slots required to satisfy

We now consider the transmissions from nodes which are at a hop distance more than
[K/2]. Of these transmissions in a top-subtree b, we consider those from nodes i with
h € {[K/2] +1,...,K —1}. Such transmissions cannot be concurrent with the exclu-
sive slots for b or amongst themselves due to K-hop interference constraint. However,
some of these transmissions can be concurrent with the exclusive slots for any other top-
subtree and will be considered as such in the following!S. Transmissions from nodes i
with h > K — 1 can be concurrent with the exclusive slots and are disregarded for the
lower bound. For a top-subtree b, the total number of transmissions from nodes ¢ with

h € {[K/2] +1,...,K — 1} is bounded below by f, = szl(([l(b/é(:l) »(h), where we

16We note that only some of these transmissions can be concurrent, e.g., a node at a hop distance of
[K/2] + 1 cannot transmit concurrently with another top-subtree root. For a lower bound, we consider all
transmissions to be concurrent.
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consider just the nodes in the longest t-line of b with a length of [,. Here f,(h) is the total
number of packets to be forwarded from a node at a hop distance of 4 in the longest t-line;
this is the total number of descendants of that node in addition to itself. Since these f;
transmissions can be concurrent with the exclusive slots of any other top-subtree, we ob-
tain (f, — €b70)+ which is the extra number of slots required for transmissions from b. Here
€p,0 18 the sum of exclusive slots for all top-subtrees except b. Then, over all top-subtrees,
the maximum number of extra slots required is e, = maxbentop(f b — €bo) . Again, this
corresponds to additional slots and corresponding variables i 0),m required to satisfy the

relaxed constraints. A lower bound on the period is therefore e, + > bER1op Cb- O

4.C Proof of Proposition 4.8

Proof. By construction (see line 6) we obtain a periodic deterministic schedule Uy with
period (K + 1)(M — 1) + 1. As discussed in P1-(4.4), (4.5) with the initialization of
the states (using m; in line 3) and the node-state evolution from Figure 4.6, in every slot
the transmitting links satisfy constraints (4.4)-(4.5). Consider the last node M in the line.
Independent of the initial value of M .state, there will be one visit to the state 7" in the node
evolution. So, M generates and transmits a packet in K + 1 slots. Now consider the node
M — 1. If the initial state of this node is 7', then it generates and transmits a packet in the
first slot. Then, within a further K + 1 slots it would receive and forward the M*" node’s
packet (since initially M .state = I;). If the initial state of the M — 1*" node is not 7', then it
receives and forwards M*" nodes packet within K + 1 slots. Then, within a further K + 1
slots it would generate and transmit its own packet. Similarly, we can show that for the
(M — n)™ node, where n € [M — 1], the node receives and forwards packets from its
descendants as well as generates and forwards its packet within 1 + n(K + 1) slots if the
initial state is 7', or (n + 1)(K + 1) slots if the initial state is not 7". For node 1, the initial
state is 7', so that the total number of slots required is (M — 1)(K + 1) + 1 to forward
its own as well as the packets of all other nodes 2, ..., M. For any other node, the total
number of slots required is at most (M — 1)(K + 1) whichis < (M — 1)(K + 1) + 1.
Thus, the schedule generated by Algorithm 1 transmits one packet from every node within
(K + 1)(M — 1) + 1 slots and satisfies PeDe (constraints (4.2)-(4.3). The algorithm also
satisfies (4.6) as discussed in P1-(4.6).

O
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4.D Proof of Proposition 4.9

Proof. We first obtain the time complexity of the initialization step for Algorithm 4. We
note that the initialization of state as well as other node parameters require O(M) time.
Since we visit each node in order to initialize its activation threshold, that also requires
O(M) time. Initializing the compatible states set for CanAddBase function requires O( K?)
time. We now characterize the time complexity of a single iteration (see lines 9-40) of
Algorithm 4. We describe only those steps requiring O(M) or higher in the following
(steps such as line 9 or line 13 which require O(1) time are not discussed). Finding out
the arg max in line 11 requires O(M) time. Sorting of the top-subtrees in terms of b.pb
requires O(M log M) in lines 13, or 21 and 26. In function CanAddBase we have to search
a worst-case of O(K) elements (since the compatible set for some top-subtree root’s state
can have K elements) and this needs to be done for at most M top-subtree roots; so here
the complexity is O(K M ). Then, for each top-subtree we do ScheduleAndStateUpdate.
We note that even though ScheduleAndStateupdate is done in a loop separately for each
top-subtree and then again for every node in that top-subtree which is active, essentially
we do O(1) operations for all nodes in the worst case. Thus, the lines 32-36 require O (M)
time. Thus, the overall complexity is O(K M + M log(M)). Since in worst case, we have
(K + 1)M iterations, the overall complexity is O(K*M? + K M?log(M)) including that

for initialization. [
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Chapter 5

Periodic Deterministic Policies for Min-
imizing Average Age of Incorrect Infor-
mation in Time-Slotted Multi-Hop Net-

works

5.1 Introduction and Prior Work

Modern industrial wireless networks need to support remote estimation of physical pro-
cesses, which is essential for applications such as industrial process control, autonomous
vehicles, and video surveillance. These applications rely on deterministic scheduling,
as provided by industrial standards like WirelessHART [5], ISA100.11a [29], and IEEE
802.15.4e TSCH [4]. Wireless networks can be designed and optimized for such applica-
tions using information-freshness metrics, such as the age of information (Aol) [2] and the
age of incorrect information (Aoll) [3]. In this chapter, we study the remote estimation
of source processes over a multihop wireless network with /-hop interference constraints,
employing periodic deterministic sampling and scheduling policies. While prior work on
multihop network scheduling has primarily focused on Aol, we consider Aoll, which cap-
tures both the freshness of information as well as correctness of the remote estimate and
the source process.

We derive an analytical characterization of the average Aoll (AAoll) under periodic

policies, expressed as a function of the policy’s period and the packet delivery delays for

“This chapter is based on the conference paper by Nibin Raj, Vineeth B.S., “On Average Age of Incorrect
Information in multihop wireless networks with interference for periodic sampling and scheduling policies,”
in Proceedings of National Conference on Communications (NCC), 2026.
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each source. This characterization is further used to establish a novel analytical lower
bound on the AAoll achievable by any periodic policy. Additionally, an upper bound on
the AAoll is obtained using a periodic policy from our prior work (as discussed in Chapter
4). Together, these results provide fundamental performance limits for periodic policies
and offer a quantitative understanding of how the scheduling period, delivery delays, and

source process parameters impact information freshness.

5.1.1 Prior Work

The concept of Aol was first introduced in [10]. Since then, several studies [32, 11, 126,
127] have investigated Aol in single-hop networks. In particular, these works considered
queueing models in which all undelivered packets, including stale or outdated updates,
are retained in the buffer, and analyzed the resulting long-term average age. These stud-
ies demonstrated that the sampling rate that minimizes the average Aol (AAol) generally
does not coincide with the rates that optimize throughput or delay [32, 11, 126]. For a
comprehensive review of the Aol literature, the reader is referred to [33]; an overview of
earlier studies on single-source, single-destination settings is provided in [34]. Most of the
studies addressed problem on Aol in multi-source, single-hop networks [38], [39], [40],
[41]. There has been a limited number of prior work on scheduling for multihop networks
with the objective to optimize information freshness metrics. The minimization of average
Aol for a multihop network with general interference constraints was considered in [42]
and interference-free multihop networks in [43]. Bounds on the AAol for a ring topology
with multiple sources and destinations were considered in [44]. Farazi et al. [47] stud-
ied scheduling strategies for minimizing Aol in multi-hop networks with multiple sources,
where information is disseminated through all-to-all broadcast communications in a time-
slotted setting. Periodic deterministic policies were considered in [44, 47] for a complete
interference model and a multi-source, multi-sink scenario.

Another information-freshness metric Aoll, was introduced in [3]. The suitability of
Aoll as a goal-oriented performance metric was further explored in [99]. The design of a
decentralized policy for minimizing the average Aoll in a slotted ALOHA network was in-
vestigated in [57]. The work in [58] investigated the Aoll performance of a slotted ALOHA
network without feedback, where each source was modeled as a two-state Markov chain.
In another work, the authors proposed a heuristic scheduling policy for minimizing Aoll
in a setting with multiple sources transmitting status updates to a central node [102]. In

contrast to existing work on AAoll in single-hop networks, we consider the problem of
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Figure 5.1: (a) Multihop tree network with M = 15 sources. (b) Link activation schedule
for source 11, where 6; = (11,(11,2)) and 0y = (11,(2,0)). The delay d;; denotes the
time for packets from source 11 to reach node 0, and N, is the scheduling period. The
schedule repeats every IV,,.

AAOoII minimization in a multihop network setting.

Prior work on multihop scheduling for optimizing Aol, as well as general functions of
Aol, is available in [44, 9]. The design of non-periodic scheduling algorithms for optimiz-
ing AAoll was considered in Chapter 3. In contrast, this chapter focuses on deterministic
periodic scheduling policies, which are commonly employed in practical communication
protocols. Periodic scheduling for Aol was studied in Chapter 4, and the present chapter
can be viewed as an extension of Chapter 4 to the Aoll metric. As summarized above, we
provide a novel characterization of Aoll under a periodic policy and employ a lower bound
on the scheduler period, together with the policy proposed in Chapter 4, to obtain an upper

bound.

5.1.2 Contributions

1. In this chapter, we derive a novel analytical characterization of the AAoll for random
piecewise-constant source processes under periodic multihop sampling and schedul-
ing policies (see Proposition 5.3). This characterization is expressed in terms of the
policy period, the packet delivery delays associated with each source, and the param-

eters of the underlying source processes.

2. Next, we develop a lower bound on the AAoll by leveraging lower bounds on the
period of any periodic policy that generates and successfully delivers one packet

from every source within each period (Section 5.3.1).
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3. In addition, an upper bound on the AAoll is presented in Section 5.3.2 using a peri-

odic policy adopted from Chapter 4.

4. Simulation results and related discussions are provided in Section 5.4. Through these
simulations, we demonstrate the near-optimality of the periodic policy for networks

operating under complete interference.

5. Furthermore, we compare the performance of a non-periodic AAoll-minimizing schedul-
ing policy against the derived bounds and show that, under both complete-interference

and K -hop interference models, periodic policies achieve lesser AAoll.

Notations: The notations used in this chapter are given in Table 5.1.

Table 5.1: List of symbols and their descriptions used in Chapter 5

Symbol Description
[M] Set of integers {1,2, ..., M}.
G = (V,€&) | Directed tree representing the multi-hop network, where V is the set of

nodes and £ is the set of directed edges.

S Set of source nodes (sensor nodes) that generate packets for the root
node.
U] Cardinality of the node set U.

(k,l) € & | Communication link in the network, representing a transmission from

node k to node [.

(s,(k,1)) | Link activation indicating that a packet from source s is transmitted

from node k to node [ in slot ¢.

(s, (s,1)) Special case where the packet is generated at the source node s and

transmitted directly to node /.

O, Activation set at time slot ¢, where each element 6, € O, represents a

link (k, () transmitting a packet from a source s.

N, Period of the scheduler.

Tp Periodic scheduling policy.

K Parameter defining the K -hop interference model, with K €
{1,2,...}.

X*(t) State of the observed process for source s € S at time slot ¢.
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p: (or q2) Probability that the process X *(¢) transitions (or does not transition) to
a new state at the beginning of slot ¢, where ¢ = 1 — p;.

% (x) Probability density function used to sample a new state for X *(¢) when
a transition occurs.

X5(t) Remote estimate of the process state X *(¢) at the root node 0 for source
s.

A% (t) Aoll of source s at the root node 0 at time slot ¢.

Ve(t) Latest slot (including #) at which the remote estimate X*(t) of source s
was correct.

AT Average Aoll for the system under periodic policy 7p.

N, Slotframe length or period of the scheduling policy.

dy Delivery delay for source s, Vs € S.

Wy Waiting period for source s, i.e., the number of slots from the beginning
of the slotframe until the packet generation instant: w, = N, — d;.

n Index of the slotframe, where n € Z™.

A Embedded Aoll of source s at the beginning of the n slotframe.

cy Embedded Aoll of source s at the end of Phase I within the n'™ slot-
frame.

Riop Set of all top-subtree root nodes.

B Number of top-subtree roots, i.e., B = |Rip|.

T Subtree rooted at node b € Ryp.

np Number of nodes in subtree 7y, i.e., n, = |7, with Zszl ny, = M.

Ny, Analyical lower bound on the period N.

ZW’L’B Lower bound on the average Aoll under the periodic policy 7p.

Zﬂ% ] Upper bound on the average Aoll under the periodic policy 7p.

5.2 System Model and Problem Statement

We consider a directed tree topology represented by the graph G = {V, £}, where V de-
notes the set of all nodes in the network and £ denotes the set of all links in the multihop

network. An example of such a tree network is shown in Fig. 5.1(a). All other assumptions

regarding the network are the same as those presented in Chapter 4.

In this chapter, we consider both a complete interference model, in which only a sin-
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gle packet transmission is allowed in a given timeslot, and a K-hop interference model,
where K € Z,. Under the K-hop interference model, concurrent transmissions on two
links separated by at least K hops do not interfere with each other and can therefore oc-
cur simultaneously. However, if the separation between the two links is less than K hops,
interference occurs, preventing successful packet reception at the corresponding receivers.

We study multihop scheduling policies that determine the set of links scheduled for
transmission in each timeslot. Furthermore, for every active link, the scheduler must also
decide which source packet is to be forwarded. To formally represent the scheduling deci-
sion at slot ¢, we define an activation set, denoted by O, as the largest set of links that can
transmit simultaneously while satisfying the underlying interference constraints. The acti-
vation set O, is expressed as {01, o, ..., 010, }, where each element corresponds to a link
(k, ) transmitting a packet associated with source s. Accordingly, each element 6, € ©; is
denoted by (s, (k, 1)), which signifies that a packet corresponding to the s™ source is trans-
mitted from node £ to node [ during slot t. When k& = s, the packet is newly generated at
source node s and transmitted to node /. Otherwise, the packet, previously received at node
k, is forwarded from node k to node [. At every intermediate node, generated or received
packets are stored in a buffer before being relayed to the corresponding parent node, and
this forwarding process continues until the packet reaches the sink node 0. Further, when-
ever a newer packet from the same source arrives at an intermediate node, it is assumed to
replace any older packet of that source currently stored in the buffer. The system evolves
according to a multihop scheduling policy. A scheduling policy is defined as the sequence
of activation sets (0, ¢ € Z, ). In this chapter, we focus on centralized scheduling policies,
where the schedules are generated based on complete knowledge of the network topology.

This chapter focuses on the design of deterministic periodic scheduling policies, mo-
tivated by practical communication protocols supported by industrial standards such as
WirelessHART [5], ISA100.11a [29], and IEEE 802.15.4e TSCH [4], which employ peri-
odic schedulers with a period equal to a slotframe. We assume that a periodic scheduler,

denoted by 7 p, satisfies the following properties:

1. The scheduler generates a deterministic schedule (©(0), O(1),...,O(N, —1)). We
define ©;, = ©(t mod N,,) for all t € Z.. The period of the scheduler is NV,

2. In every period, the scheduler generates one packet from every source s.

3. Once a packet is generated a source’s packet is delivered to the destination in d; slots

which is the delivery delay.
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Properties (2) and (3) are required to ensure that the Aoll remains bounded under periodic
deterministic schedulers (also recall that links were assumed to be lossless).

A natural question that arises here is whether there exist periodic schedulers that satisfy
the above properties. The SS-Tree policy, introduced in Chapter 4, is one such scheduler
that satisfies these properties. Note that (N, (ds, Vs)) represent the parameters of a given
periodic policy mp. An example of a periodic schedule with period N, is illustrated in
Fig. 5.1(b), along with the corresponding d, for node 11.

The source model considered here is the same piecewise-constant process used in Chap-
ter 3 (refer to Section 3.2). Specifically, at the beginning of time slot ¢, the process X *(t)
transitions to a new state with probability p’, where the new state is drawn independently
according to the probability density function f% (z). Otherwise, it remains in the same state
with probability ¢i = 1 — p;.

The Aol of source s at node 0 is represented by the function A*(¢), defined as follows:

AS(t) =t — V3(b), (5.1)

Here, V*(t) denotes the most recent slot up to time ¢ (including slot ¢) at which the
remote estimate X *(t) of the source process X *(¢) was correct. Mathematically, it is given
by, V*(t) = max {t’ (' <tand X°(t') = Xs(t’)}. We note that both X*(¢) and A*(t)

depend on the policy 7. We define the average Aoll for source s under policy 7, as follows:

T-1
—r 1
A™(s) = limsup — > "E[A*()|A°(0) = 0], (5.2)

T—o00 T =0
where we assume that initial Aoll is 0.
We define the average Aoll of the system under policy 7p as
M
Vi A™(s) (5.3)

s=1

A" =

The objective of this chapter is to characterize the AAoll in multihop networks under
deterministic periodic sampling and scheduling policies. In the following sections, we

derive analytical lower and upper bounds for the AAolI.

Remark 5.1. The Aoll A*(t) for the source process X °(t) becomes 0 when the remote es-
timate and X*(¢) become equal. For other source process models such as discrete finite

state Markov chains, A*(¢) may become 0 after being positive if X*(¢) first changes and
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Figure 5.2: Illustration of the Aoll evolution, A°(t), in the n™ slotframe, from A% to C
during Phase I (shown in red), and from C;, to A;_; during Phase II (shown in green),
for the case C > 0: (a) A3, = 0 with probability ¢, and (b) A5, = C% + d, with
probability 1 — ¢&=.

then returns to a state which is equal to X %(t). For such source processes, since character-
izing Aoll may be complex, [105] introduced the Aoll+ metric which measures the time
that has elapsed since the first change. The Aoll characterization that we obtain for our
simplified source model could be extended to Aoll+ for finite state Markov chains (with

same probability of leaving any state).

5.3 Analytical Characterization and Bounds

In this section, we consider a periodic scheduling policy 7p that satisfies the assumptions
stated above. We characterize the AAoll, AT , as a function of the slotframe length Np and
the delay d, for all s. To derive A", we analyze the evolution of A5 (t) for a tagged source
s over one slotframe period of length Np. Here, note that the slotframe is redefined with
respect to the tagged source s so that it consists of two phases. Phase I corresponds to the
waiting period before the packet from source s is generated. Let w, = N, — d; denote the
time from the beginning of the slotframe to the packet generation instant. Phase II, defined
over the interval (w, <t < N,,), represents the transmission and reception phase, during
which the generated packet is delivered to the sink node 0 after a delay of d;. We note that
there are w, = N, — d, slots corresponding to Phase I and d; slots corresponding to Phase
II.

Consider the n™ slotframe, where n € Z,. Let A3 denote the embedded Aoll A°(t)
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at the beginning of the slotframe, and let C; denote the embedded Aoll A®(¢) at the end
of Phase I within the same slotframe. The evolution of A*(t) from A to C? during Phase
I, and from C;, to A; ,; during Phase II, is summarized in Table 5.2. The evolution of the
Aoll A*(t) across Phase I and Phase II within a slotframe is illustrated in Fig. 5.2. We note
that the evolution of (A?) forms a Markov chain with A* € Z,. This Markov chain is
irreducible.! The state 0 is also aperiodic. Furthermore, it can be shown that the expected
return time to state O is finite. Therefore, the Markov chain is irreducible, aperiodic, and
positive recurrent, with a stationary distribution. In the following propositions, we consider
the stationary version of the embedded Aoll process A;, denoted by A®, and characterize
the stationary probability P { A* = 0}, denoted by 7§, as well as the stationary expectation
E[A®].

Proposition 5.1. The stationary probability T§ = q->.

The result follows from solving the balance equations for the A Markov chain (using
transition probabilities from Table 5.2) and noting that from any state the probability of
reaching 0 is ¢°*. The detailed proof is provided in Appendix 5.A. The 7 is used to obtain

the following result.

Proposition 5.2. The stationary expectation E[A*] = N, (¢;% — 1) + dygt” — q% — (. —
¢e)/pe

The proof is based on moment matching and is provided in detail in Appendix 5.B. We
now characterize the AAoIl A™” as a function of N, and d; for a periodic policy in the

following proposition.

Proposition 5.3. The AAoll A for a periodic policy T, with period N, and delay d, is
= Zi\il A" (s), where
zﬂp< ) dgpg + d,spc (pc(2E[AS] + 2qcs + QUJS - ].) - 2qcs)
S) =
2N,p?

pews(2E[A*] + w, — 1) — 2qg'g+1(pcws + QéVp —1)
+ Y
2N,p?

and E[A?®] is the embedded Aoll from Proposition 5.2.

IStarting from state 0, any other Aoll value can be reached. For instance, the states {0,1,..., Np} can
be reached in one step, while the states {0, 1, ...,2N,} can be reached in two steps of the embedded chain,
and so on. Moreover, state 0 can be reached from any Aoll value with positive probability in a single step.

153



Table 5.2: Evolution of the embedded Aoll A;, to A7,

Phase I: A] to C;;
e oas 0, w.p. ¢
Ccs it A, =0 T, W.p. ¥ "pe, where x € {1,2,...,ws}
ifA) >0 ] A) +wswpl
Phase II: C;; to A;

e s 0, w.p. ¢2*
if €y =0 T, W.p. q& “pe, where z € {1,2,...,d,}

AS

el 0 w.p. g%
ifCs >0 2Pl
Cyr+dswp. 1—¢g
80| —o— Np=10,p=0.03 ‘/ 30] o d,=5, p.=0.03 -
. N, =10, p. = 0.06 e 25 ds=5, pc=0.06 /A,»‘
- _ _ &
7 —— N,=15,p.=0.03 A 1220 —— ds=10, p.=0.03 (A,
ry /‘ Y —E s=1 » Pc=U. 4
£, 40{ —-A~ N,=15,p,=0.06 & = 15 ~*= ds=10, p. =006
< s I< 10 .
5
O -
5 10 15 20 25 30
NP
(a) (b)

Figure 5.3: Illustration of the monotone non-decreasing property of A" (s): (a) as a func-
tion of d;, € {2,4,...,30} for N, € {10,15} and p. € {0.03,0.06}; (b) as a function of
N, € {2,4,...,30} for ds € {5,10} and p. € {0.03,0.06}.

The above result is obtained using the Markov renewal reward theorem by expressing
the Aoll within a slotframe as the reward. The detailed proof is provided in Appendix 5.C.
The parameters p. and g. in the characterization of A" (s) may, in general, depend on the
source s. We also note that, for a given policy 7 p, the parameters (Np, d, Vs) are not inde-
pendent. For example, in a network with complete interference, Np > Zi\il ds. However,
in order to derive upper and lower bounds on A", we treat N and d, as independent vari-
ables. Fig. 5.3 illustrates the monotone non-decreasing behavior of A™"(s) as a function of
ds for a fixed Np, and as a function of Np for a fixed d,. A larger Np reduces the update
frequency, while a larger d; increases the delay in packet reception at the sink node 0. In
both cases, the probability that the source state changes (with probability p.) before the
packet is delivered increases, thereby leading to a higher Aoll. This monotonic behavior is

used in the following sections to derive bounds on A™ based on bounds on N p and d;.
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5.3.1 Analytical Lower Bounds on AAoll

The following definitions are recalled from Chapter 4. In a tree network, a top-subtree
refers to a subgraph rooted at a child node of node 0. A subtree rooted at b € Ry, is
denoted by 7,. Further, we denote the number of source nodes in 7, by |7,| = n,, such that
Zle ny = M. An example with B = 2 and n; = 6 is shown in Fig. 5.1(a). A line network
is defined as a linear graph with nodes indexed from 0 to M, where each node ¢ forwards
its packet to node i — 1, fori € {1,2,..., M}. A multiline network is a tree topology in
which every top-subtree forms a line. We define a #-line as a linear subgraph of the tree
consisting of the path from a leaf node in 7, to its root node b € R,,,, and subsequently to
node 0. For example, in Fig. 5.1(a), the path4 — 3 — 1 — 0 forms a t-line.

Bounds on N, from Chapter 4: A lower bound, denoted by N, on the period of any
deterministic policy satisfying assumptions (1), (2), and (3) stated above was derived in
Chapter 4 through Propositions 4.5 and 4.6. These bounds were derived by considering
the minimum number of slots required to collect packets from all sources at node 0 under
interference constraints. The first bound applies to multiline networks, where each subtree
b contains n;, nodes. For a network under /K -hop interference constraints, it has been shown

that Np is lower bounded by Ny, where

Np=e+ Y e (5.4)
bERtop
where ¢, = ,Z{ﬂ (npy — k4 1) and e, = maxyer,,, (fb — eb,o)+. Here, f, = t, — ¢, for

all b € Rigp, th = ZK_H(nb —j+1),and ey, = Zj;ﬁb €j-

=1
Similarly, for a tree network under K-hop interference constraints, the period Np has

been shown to satisfy the lower bound,

Np=e.+ Y e (5.5)
bERtop
with e, = 30,50 (ny, — ny(h — 1)), €, = maxier,, (fs — en0)ts fo = Sprrin sy fo(h),

and e, = > 4 €5- Here, ny(h) denotes the number of nodes in subtree b that are within a
hop distance of h from node 0, with 7,(0) = 0. Further, [, denotes the length of the longest
t-line in subtree b, and f;,(h) denotes the number of packets forwarded by the node located
at hop distance i from node 0 within subtree b.

Lower Bound ZWPL B: For any periodic deterministic policy, the period satisfies Np > Ny,

and the delivery delay satisfies ds > hg, where hg denotes the hop distance of source s from
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Figure 5.4: Lower bound (A" ) and upper bound (A * ) as a function of M for line
networks with complete interference: (a) homogeneous and (b) heterogeneous cases. Aoll
under 7y is also shown for comparison.

node 0. The lower bound is then obtained by substituting Ny, for Np and h; for d;, for all

s, in the expression for A" given in Proposition 5.3.

5.3.2 A Scheduling Policy and an Upper Bound on N,

In this section, we consider the periodic deterministic sampling and scheduling policy SS-
Tree (Continue-Service (CS) variant) presented in Algorithm 4 of Chapter 4. The algorithm
generates a sequence of activation sets, © = (0(0),0(1),...,0(Nss—1)) denotes the period.
This sequence is then repeated cyclically with period N,s. The period N, and the delivery
delays d, forall s € {1, ..., M}, are determined by simulating the SS-Tree algorithm over
a single period.

Upper Bound ZﬂgB: The upper bound is computed by substituting the period N,, and
the delivery delays d,, for all s, obtained from the SS-Tree algorithm into A" as given in

Proposition 5.3.

5.4 Simulations and Performance Comparisons

In this section, we compare the upper bound ZWPUB (corresponding to the AAoll of SS-
Tree) with the analytical lower bound ZW’% ’ across various network topologies and source
parameters. We also evaluate the AAoll performance of SS-Tree against a baseline non-
periodic scheduling policy, denoted as 7y from Chapter 3, to compare periodic and non-

periodic approaches. The comparisons are conducted over three network topologies: line,
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Figure 5.5: Lower bound (A ” ) and upper bound (A" ) as a function of M for line
networks with 5-hop interference: (a) homogeneous and (b) heterogeneous cases. Aoll
under 7y is also shown for comparison.

multiline, and tree networks, each with varying network sizes M. Furthermore, we consider
two types of networks: homogeneous networks, where all sources s € {1,2,..., M} share
the same state change probability p. € (0, 1), and heterogeneous networks, where each
source s has a distinct state change probability p> € (0,1). Consider a network with
h.,, = max, h®, representing the maximum hop distance from any source to the sink node
0. In the homogeneous case, all sources share a single state change probability p. chosen
from the interval [ﬁ, ﬁ
distance h*: sources with h* < h,,, /2 are assigned p® = ﬁ while sources with h* > h,,, /2

] . For heterogeneous networks, p? is assigned based on the hop

_1

LB
5, For each network, the analytical lower bound A™ " is computed

are assigned p. =
using Proposition 5.3. The upper bound ng 0 is obtained by simulating the SS-Tree policy
over one period to determine N, and d for all sources. The AAoll for the non-periodic
policy 7y is obtained through direct simulation.

For line networks, the average Aoll as a function of M is shown in Figs. 5.4 and 5.5,
corresponding to networks with complete interference and 5-hop interference, respectively.
We observe that the periodic SS-Tree policy is near-optimal for both homogeneous and
heterogeneous cases in the complete-interference scenario. Moreover, the performance of
the non-periodic policy 7y is comparable to that of SS-Tree. In networks with complete
interference, only a single link can be active in each slot. The SS-Tree algorithm is designed
to generate and deliver packets in contiguous slots, ensuring hy = d,, which explains
its near-optimal performance. For the 5-hop interference scenario, periodic policies still
achieve lower AAoll compared with 7y, and SS-Tree remains near-optimal. The match is

expected as the N used in the upper bound is the same as the minimum N from the lower
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Figure 5.6: Lower bound (A" ) and upper bound (A * ) as a function of M for multiline
networks with complete interference: (a) homogeneous and (b) heterogeneous cases. Aoll
under 7y is also shown for comparison.

bound.

We now consider multiline networks. Let n; denote the number of nodes in the i-th
child of the root node, for i € {1,2,...,b}. The values of n; are drawn from a multinomial
distribution with M total trials, b mutually exclusive outcomes, and equal probability for
each outcome, ensuring that Zle n; = M. In this study, we set b = 2 and generate 100
random graphs for each value of M. The Aoll is visualized using scatter plots in Figs. 5.6
and 5.7, for networks with complete interference and 5-hop interference, respectively. Each
point in the plots corresponds to the AAoIl (upper or lower bound) for a specific network
instance. For complete-interference networks, SS-Tree is observed to be near-optimal,
while the non-periodic policy 7y exhibits performance comparable to the periodic policies.

Finally, the network topology considered is a tree network, generated by uniformly
sampling from all possible trees with A/ nodes. Tree network is generated using a Prufer
sequence-based method [93], and 100 random tree instances are generated for each network
size M. The bounds are shown in Figs. 5.8 and 5.9 for networks with complete and 5-hop
interference, respectively. For complete interference, SS-Tree again demonstrates near-
optimal performance. Under 5-hop interference, periodic policies achieve lower AAoll
than non-periodic policies. However, for multiline and tree topologies with K -hop inter-
ference, SS-Tree is no longer near-optimal. Since only one link can be scheduled at a
time, the minimum NN is always the sum of hop distances. This is used in both upper and
lower bounds. We again conjecture that the lower bound on N is weak and and leave its

improvement for future work.

Figure 5.10 illustrates the AAolI bounds along with A" for a homogeneous network
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Figure 5.7: Lower bound (A * ) and upper bound (A" ) as a function of M for multiline
networks with 5-hop interference: (a) homogeneous and (b) heterogeneous cases. Aoll
under 7y is also shown for comparison.
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Figure 5.8: Lower bound (A ” ) and upper bound (A" ) as a function of M for tree
networks with complete interference: (a) homogeneous and (b) heterogeneous cases. Aoll
under 7y is also shown for comparison.
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Figure 5.9: Lower bound (A ” ) and upper bound (A" ) as a function of M for tree
networks with 5-hop interference: (a) homogeneous and (b) heterogeneous cases. Aoll
under 7y is also shown for comparison.

with K € {3, 5}, plotted as a function of p.. In this scenario, SS-Tree is not near-optimal,
although the periodic policy still outperforms 7. We also analyzed the behavior of the
normalized AAoll, A™ /M, as the network size M increases, using the lower bound (see
Fig. 5.11). For line and multiline networks, the normalized A Aoll remains roughly constant
for large M, indicating that AAoll grows linearly with network size. In contrast, this linear

trend is not observed for tree topologies.

5.5 Discussion: Extension to the case of lossy links

In this section, we discuss extensions of our bounds to the case of networks with packet
losses. The network model that we consider here is similar to that in Section 5.2 except that
each packet transmission on a link fails with a probability p;. Link failures are modelled
as independent and identically distributed (IID) across slots as well as across links?. We
assume that when node i transmits to j using an activation (s, (¢, 7)) then i is aware of
whether the transmission is a success or failure (say using link level acknowledgements).
We assume that as in Section 4.6.1 if in a period a packet transmission fails then that packet
is discarded. A new packet is generated for that source in the next period only. This is the
extension of our earlier policies for handling link losses. The earlier upper bounds can be
obtained under this assumption.

We now discuss how the lower bounds on AAoIl can be extended. We note that the

2 Although not discussed here, this can be extended to the case of links with heterogeneous failure proba-
bilities.
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under 7y is also shown for comparison.
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works as a function of M.
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Table 5.3: Evolution of the embedded Aoll A} to A

-1 for a network with link losses

Phase I: A7 to C?
e s | 0, wp. g
cs if 4, =0 T, W.p. ¢ "pe, where x € {1,2,... ,wy}
if A5 >0 | A3 +w,wp 1
Phase II: C; to A3,
RN B VA A
As e, =0 z, W.p. ¢ "p., where z € {1,2,...,d,}
" ipes s o | 0w @ (- pp)"
n Cs 4 ds wp. 1— g (1—pp)h

evolution of the Aoll A*(t) for a tagged source, with the embedded Aoll A? follows the
transitions in Table 5.3, with the other notations as before. We note that the only difference
is in the last row, i.e., in the evolution from C} to A; ;. If C;7 > 0 then the Aoll A;, ; =0
only if the packet is received successfully across hg hops (i.e., with probability (1 — py)")
and the source does not change for d; slots (with probability ¢-*). We now discuss the steps

for deriving 7 for a network with link losses, which is similar to Proposition 5.1.

As in the proof of Proposition 5.1 we consider the case when the system reaches sta-
tionarity. Suppose we consider the probability generating function G(Z) = E[Z4] of the
stationary Aoll, which is assumed to be well-defined. Then E[Z4»+1] = E[Z4"]. By con-
ditioning on the events {A,, = 0} and {A,, > 0}, we have

G(Z) = mE[Z4* | A, = 0]+ (1 — mp) E[Z4 | A, > 0. (5.6)
When A,, = 0, the intermediate Aoll C), at the packet generation instant w, = N, — d;
satisfies P{C;, = 0 | A, = 0} = ¢, P{C, =z | A, = 0} = ¢ *p., = =

1,...,ws. Given C,, = 0, the Aoll at the end of the cycle remains zero if no change occurs

during the last d; slots. Therefore,
E[Z4+ | C, = 0] = ¢* +Zzy ds=¥p,. (5.7)
For C,, = x > 0, the packet generated at t = wj is already outdated by x, hence
E[Z4 | Cp =] = q% (1 —pp) Z° + (1 — g (1 — py)*) 27+, (5.8)

Combining these terms we have E[Z4"+1 | A, = 0]. When A,, = a > 0, the intermediate
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Aoll is deterministic with C,, = a + w,, and
E[Z4 1 | A, = a] = ¢* (1 —pp)" Z° + (1 — g% (1 — py)=) Zotwstds, (5.9)

Setting Z = 0 gives the stationary probability 7o = P{A = 0} = G(0). From the above

conditional expectations, we obtain

E[0%+" | Ay = 0] = P{Ans1 = 0| Ay = 0} = g (g + (1 = py)™ i 0 pe)
a=1
= (g2 + (L —pp)" (1= q)), (5.10)
and for 4,, > 0,
E[04+ | A, = a] = P{An11 =0 4, = a} = ¢ (1 —pp)™. (5.11)
Substituting these results into the total expectation gives
mo = mogi” (g2 + (1= pp)™ (1 = ¢2)) + (1 = m)g*(1 —pp)™.  (5.12)
Hence, the stationary probability that the Aoll at the beginning of a cycle is zero is

_ g (1 — pg)P
Ty — N, W
=@ (= (1 pp)

(5.13)

The above expression reduces to ¢% as in Proposition 5.1 if p ¢ = 0. As illustrated above,
we can similarly extend the derivations of Propositions 5.2, 5.3 with link losses to obtain

fundamental lower bounds on AAoll.

5.6 Conclusions

In this chapter, we analyzed the AAoll for periodic deterministic sampling and schedul-
ing policies in multihop wireless networks under K -hop interference constraints. A novel
analytical characterization of the AAoll was developed, which enabled the derivation of
lower and upper bounds for such periodic policies. Simulation results demonstrated the
near-optimality of a policy from prior work for networks with complete interference and
highlighted the advantages of periodic policies over a non-periodic scheduling policy across

different scenarios.
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Appendix

5.A Proof of Proposition 5.1

In this section, we derive the stationary probability 7y corresponding to the event that the

Aoll is 0 at the beginning of a cycle.

Proof. Under stationarity, the evolution of the Aoll satisfies E[A,, 1] = E[A,,], or equiva-
lently E[ZA+1] = E[Z4] VZ.

Let G(Z) = E[Z*] denote the probability generating function (PGF) of the stationary
Aoll. By conditioning on the events {A,, = 0} and {A,, > 0}, we have

G(Z) = myEB[Z4+ | A, = 0] + (1 — o) E[Z4+ | A, > 0]. (5.14)

When A,, = 0, the intermediate Aoll C,, at the packet generation instant ws; = N, — d,
satisfies P{C,, = 0 | A, = 0} = ¢, P{C, =z | A, = 0} = ¢** "p., x =
1,...,ws. Given C),, = 0, the Aoll at the end of the cycle remains zero if no change occurs

during the last d; slots. Therefore,

ds
Bz |G, =) =+ 3 20, 519

y=1

For C,, = x > 0, the packet generated at ¢ = wj is already outdated by z, hence
E[Z4 | Cp =] = ¢ Z° + (1 — g&) 2" %. (5.16)

Combining these terms yields E[Z4+1 | A,, = 0].

When A,, = a > 0, the intermediate Aoll is deterministic with C,, = a + w,, and
E[ZA | A, = a] = ¢%Z° 4 (1 — q&) Zewstds, (5.17)

Setting Z = 0 gives the stationary probability 7o = P{A = 0} = G(0). From the

above conditional expectations, we obtain
B0 | Ay = 0] = PAv = 0] A, =0) = g (4 + Y0 )
=1
= qe (@ + (1= ) = ac, (5.18)
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and for A,, > 0,
E[0" | A, = a] = P{An = 0| 4, = a} = ¢ (5.19)

Substituting these results into the total expectation gives

To = Toq™ + (1 — mo)q® = ¢*. (5.20)

Hence, the stationary probability that the Aoll at the beginning of a cycle is zero is
— s
To = q5°. 5.21)

]

5.B Proof of Proposition 5.2

This appendix presents the derivation of the embedded Aoll and its simplification into a

closed-form expression under the periodic scheduling policy.

Proof. The embedded expectation is computed using the law of total expectation:

E[An1]) = E[E[An | An)] =) 7 E[Ans | Ay =al.

a>0

Conditioning further on the intermediate Aoll C), at the packet-generation instant w, =

N, — ds, we have

E[Ans1 | Ay =a] =) P{C, =c| A, =a}E[An | C, =d].

We evaluate the two cases separately.

Case (a): A, = 0. When A,, = 0, the distribution of C,, is P{C,, = 0 | 4, = 0} =
qvs \P{C, =z | A, =0} =q* "p,, x=1,...,ws.

If C,, = 0, then after the remaining d; slots, the final Aoll equals y € {0,1,...,d,}.

The contribution to the expectation from the nonzero outcomes is
ds
]E[AnJrl ‘ Cn = O] = qucds_ypc-
y=1
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If C, = x > 0, then the final Aoll equals 0 with probability ¢% and equals = + d, with
probability 1 — ¢%. Therefore,

E[Ap41 | Cp=2a] = (1 - q(cis)(x + ds).

Hence,

E[An+1 ‘ An _O _qc qucs 4 De
(5.22)

+Zq””c 4 (@ +d,).
Case (b): A, = a > 0. When A,, = a > 0, the intermediate Aoll is deterministic:
C, =a+w, (with probability 1).

Thus,
Eldpi [An=a] =1 —g*)(atws +ds) = (1 —g*)(a+ N).

Averaging over 7, for a > 0 gives

ZﬂaE[AnH | An=a] =(1—¢) Zﬂ'a(a +Np)

a>0 a>0
o) ( S mat N, Y wa) (5.23)
a>0 a>0

= (1= ") (E[An] + Ny (1 — m)).

Under stationarity, E[A,,] = E[A,;1]. Using (5.22) and (5.23), we obtain

E[An—i-l] = To E[An—H | An = O] + ZWCLE[AN-H | An = CL] (524)

a>0

E[An11] = mo [qc quds v

5.25
+qus e (1 — i)z + d) 52

+(1- q;>(E[An+1] + Np(1 = m0)).
From the stationary result, my = qcs and wy, = N, — d,. Substituting these into (5.25)
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and simplifying the resulting geometric sums gives

ge — g%

E[A,1] = Ny(q;% — 1) +dsg?” — ¢ — 5

(5.26)

Thus, the embedded expectation simplifies to the closed-form expression in (5.26). 0

5.C Proof of Proposition 5.3

In this section, we derive the average Age of Incorrect Information (AAoIl) A™” for a user
s under the periodic scheduling policy with period N, delay d,, and stationary probability

70-

Proof. Consider a periodic scheduler with period NV,,. For a given source s, let d, denote
the delay (in slots) from packet generation to delivery at the destination node 0, and define
ws = N, — d, as the time from the beginning of the cycle to the packet generation instant
within that cycle. Let A,, denote the Aoll at the beginning of the n-th cycle, and C,
denote the intermediate Aoll at time w; (i.e., immediately after packet generation). Let p,
represent the state change probability.

Assume that the beginning of cycle Aoll A,, has stationary distribution {7, },>0. The
conditional transition probability of the Aoll satisfies

P{A,1=d | A, =a} = ZIP’{AnH =d,C,=c|A,=a}
= P{A=d,C,=c} (5.27)
P{C, =c]| A, = a}.

The long-run average Aoll is obtained by applying the renewal reward theorem over
periodic cycles of length /V,,. Since each period is identical, the time-average Aoll equals
the expected accumulated area (reward) within one cycle divided by /V,,.

Assume a cycle that begins with A,, = a. Each cycle consists of two phases: Phase I,
from the beginning of the cycle up to the packet generation time wy = N, — d,; and Phase
I, from w, (immediately after generation) to the end of the cycle at time [V, lasting d
slots.

Conditioned on the intermediate Aoll C,, = c at time w,, the total accumulated area

under the Aoll curve during one cycle is denoted as the reward R. Applying the law of
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total expectation, the expected reward given the initial Aoll A,, = a is expressed as

E[R|A,=a] =) P{C,=c|A,=a}
>0 (5.28)
E[R | A, =a,C, = ¢].

We now evaluate the conditional cycle reward in each phase. During Phase I, if the
cycle begins with Aoll a and reaches c at time w,, the cumulative area accumulated during
the w, slots is

(c—a)(c—a—1)
5 :

During Phase II, for ¢ > 0, if ¢ > 0 at the generation instant, the Aoll at time w, equals c.

Ri(a,c) = aws + (5.29)

Over the remaining d; slots until the end of the cycle, the Aoll increases deterministically,

and the accumulated area is

ds(ds - 1)

Ry(c) = cds + 5

(5.30)

During Phase II, for ¢ = 0, if ¢ = 0 at time w,, the Aoll resets to zero but may increase
during the remaining d; slots due to state changes in the monitored process. Let a denote
the Aoll during this period, where P{a = z} = (1 — p.)*®p., = = 1,...,d. The

expected accumulated area is then

R; =E {@} = (1—p)* "pe M. (5.31)

Total expected cycle reward is obtained by combining both phases, the expected area
within a cycle conditioned on A,, = ais givenby > 7, > P{C, =c| A, = a}Ri(a,c)+
Y oaTa oo P{Cn = ¢ | Ay = a}Ry(c) + P{C,, = 0 | A, = a}Rs Averaging over the
stationary distribution 7, of A,, and dividing by the cycle length N,, the time-average Aoll

is obtained as
—m 1
AP = N, [za:ﬁazc:P{Cn =c| A, =a}Ri(a,c)
+) ( > P{C,=c| A, =a}Ry(c) (5.32)

c>0

+P{C,=0| A, = a}R;;)
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Now, we derive each term in this expression. The first term is by substituting R, (a, ¢),

we get

h= iw“ Z“’S P{Cp =c| Ay =a} (aws + le= a)(cz_ - 1)>
a=0 c=0
a=0 =0

+Z%Z§P{Cn:c‘An:a}@—a)(c—a_l)'

2

Since ) > P{C,, = ¢ | A, = a} = 1, the first term simplifies to

(c—a)(c—a—1)
5 :

Ty =E[An]w,+ Y m > P{C,=c| A, =a}
a=0 c=0

We split the remaining summation into two parts: @ = 0 and a > 0.

S:Zwaip{cnzcyAnza}(c_a>(02_a_1)

c=0

2
a>0

Here, for a > 0, we used the assumption that C;, = a + w, with probability 1, so

(c—a) = ws.

Defining g. = 1 — p,, the conditional distribution for A,, = 0 yields

= Ty qus_l’ cx—_l)'

WOZIP’{C =c|A,= }

Therefore, the first term simplifies to
z(r — 1) ws(wg — 1)

le]E[ n+1 ws+7Tquws xc 9

+ (1 — mo)

B pcws (ZE[AR+1] + Ws — 1) — 270 (pcws +q.° — ]‘)
- 2p?
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Similarly, the second term can be written as

ngZﬂa<Z]P’{Cn:c|An:a}R2(0)>.

c>0

Substituting the expression for Ry(c), we get

ds<ds — 1))

Ty=m Y P{C, =c| An:O}(cds+ ;
c=1

+ g; m((a + ws)ds + W)

=mod, ¥ cP{C, =c| A, =0}

c=1

dy(dy — 1)
2

+ E[An—i—l] ds + (1 — 7T0) (dsws +

+ o

(1-P{C,=0]A4,=0})

ds(d;— 1))

Using the conditional distribution for A,, = 0,
Zc]P’{C’n =cl|A,=0}= quc’”sf"’”pc,
c=1 =1

and 1 -P{C,, =0| A, =0} = 1—¢"*, where ¢. = 1 —p.. Substituting these expressions,

we obtain

dy(ds — 1))

ds(d ) (1—¢") +E[Ans1]dy+ (1 — 770)<dsw8 + B

w.
2 —1
T, = mod; g g e+ To———— 52
rx=1

dy |pe(2E[Ansa] = d (mog = 1) = moq2 +2mo + 2w, — 1) | dy[2m0 (g2 — 1))
= +
2pc 2pc

Similarly, the third term is 73 = > .- 7, P{C,, = 0 | A, = a} R3. Substituting the

a=0

expression for R, note that C;, = 0 occurs only when A,, = 0 with probability ¢". For

a>0,P{C, =0| A, = a} = 0. Therefore, the third term becomes T3 = my ¢** R3. =

ds ds— z(z—1)
T0q." D iy 4 P Ty

o ¢ (dspi(ds +1) = 2pe(ds — ¢ + 1) — 2¢% + 2)

T; = .
3 2pg 3
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Substituting 71, 15, T5, and 7y from (5.21) into (5.32), the time-average Aoll is obtained
as given in (5.33).

—ry d?p? + dspc(pc(ZE[AnH] +2¢% 4+ 2ws — 1) — 2q65)

A™
2Npp? 53
+
2N,p?
This expression characterizes the complete AAoll under the periodic scheduling policy.
[
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Chapter 6

Summary and Scope for Future Work

This thesis investigated the design of sampling and scheduling algorithms for optimizing
information freshness in multi-hop wireless sensor networks used for remote estimation
applications. Information freshness was quantified using two metrics: the Aol which mea-
sures the staleness of received updates, and the Aoll which additionally captures the cor-
rectness of the estimated process at the receiver. The study focused on time-slotted wireless
networks with interference constraints, packet losses, and centralized scheduling at the sink
node. The main contributions of this thesis are summarized as follows.

In Chapters 2 and 3, this thesis addressed the problem of minimizing the information
freshness metrics AAol and AAoll, respectively, in multi-hop wireless networks with inter-
ference and random packet losses using non-periodic policies. These chapters, focused on
the design of centralized scheduling policies, motivated by practical protocols that employ
centralized schedulers, such as IEEE 802.15.4e TSCH [4]. For the minimization of aver-
age Aol in Chapter 2, a priority index-based centralized sampling and scheduling policy is
proposed, motivated by a RMAB formulation for a policy class that maintains at most one
packet per source in the network at any given time. Based on this RMAB formulation, we
derive an analytically tractable Priority Index-based policy that is centrally implementable,
as it requires only the Aol information of each source at the sink node. Simulation results
demonstrate that the proposed approach significantly outperforms existing policies in min-
imizing AAol, with the performance gains becoming more pronounced as the network size
increases or the link success probability decreases.

In Chapter 3, the study was extended to Aoll, which captures both the freshness and
correctness of the remote estimate. Centralized sampling and scheduling policies were de-
veloped to minimize average Aoll in multi-hop networks with interference constraints and
lossy links. Due to the limited information available at the sink, the scheduling problem
naturally leads to a POMDP. To obtain tractable solutions, RMAB-based formulations were
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again proposed for a policy class that maintains only one packet per source in the network
at a time. A priority-index policy was characterized to jointly determine which sources
to sample and which links to activate in each time slot. Using this index, an analytically
tractable centralized scheduling policy was derived that can be practically implemented.
Simulation results demonstrated that these policies achieve significant performance im-

provements compared to heuristic approaches.

In Chapters 4 and 5, we investigated the design of periodic deterministic sampling and
scheduling policies for minimizing the information freshness metrics AAol and AAoll,
respectively, in multi-hop networks under interference constraints. The idea of periodic
scheduling is motivated by practical industrial communication protocols such as Wire-
lessHART [5], ISA100.11a [29], and IEEE 802.15.4e TSCH [4]. For the AAol minimiza-
tion problem, the optimization problem is formulated as an integer programming prob-
lem, and a linear programming relaxation is employed to obtain numerical lower bounds.
Analytical lower bounds on the minimum achievable AAol were also derived. For line
networks, a periodic policy called SS-Line was proposed based on a node-state transition
scheme that guarantees schedules satisfying K -hop interference constraints. This policy
was further extended to two heuristic algorithms, SS-Tree and CS, for general tree net-
works. Extensive simulation results demonstrated that the proposed policies achieve AAol
values that closely match the derived analytical and numerical lower bounds, and outper-
form existing multi-hop Aol-aware policies such as Age-Difference and Age-Debt in a
wide range of scenarios. We also extended the proposed policy to general system per-
formance metrics, such as general functions of Aol, and weighted Aol. For the study of
AAOII, a novel analytical characterization of AAoll for periodic policies was developed,
which was subsequently used to derive lower and upper bounds on AAoll. Simulation re-
sults demonstrated the near-optimality of the non-periodic policy proposed in Chapter 3 for
networks with complete interference. The results also highlighted that periodic determinis-
tic policies can outperform the non-periodic policy proposed in Chapter 3 across different

network scenarios.

Overall, this thesis developed analytical characterization, performance bounds, and
practically implementable scheduling policies to enhance information freshness in multi-
hop wireless networks. By leveraging MDP frameworks, RMAB formulations, and imple-
mentable scheduling strategies, this work advances the design of multi-hop networks for
reliable and timely remote estimation, thereby supporting information freshness in next-
generation industrial and cyber-physical systems. Although this thesis addresses several

important challenges in the design of freshness-aware multi-hop networks, a number of
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interesting directions remain open for future research. Some of the key directions are sum-
marized below. One promising direction for future research is the use of reinforcement
learning (RL) for learning adaptive scheduling policies in multi-hop wireless networks with
unknown parameters, dynamic channel conditions, or time-varying network topologies. In
particular, the scheduling problem can be formulated as a MDP, where the global network
state consists of the Aol values of all sources at intermediate nodes, and the action space
corresponds to feasible link activation sets under the given interference constraints. To ex-
plore this direction, we evaluated a deep Q-network (DQN)-based scheduling policy for
a simple line network with three source nodes and p;, = 1. As illustrated in Fig. 6.1,
the AAol, computed as a moving average over 100 time slots, is shown for a DQN-based
policy trained using a discounted cost criterion with a discount factor of 0.99 over a total
of 10000 slots. While these preliminary results demonstrate the feasibility of RL-based
scheduling, the practical applicability of such approaches remains limited by the rapidly
increasing state and action spaces, topology-dependent state representations, and the need
for extensive parameter tuning. Therefore, developing scalable and topology-aware RL
frameworks, potentially leveraging graph neural networks, remains an important direction

for future research.

200 A

150 1

AAol

100 A

50 1

0 2000 4000 6000 8000 10000
Slots

Figure 6.1: AAol as a function of the time slots for a DQN-based scheduling policy imple-
mented for a line network with number of source nodes M = 3 source nodes and reliable
links (ps = 1).
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In addition, developing distributed scheduling algorithms for multi-hop networks is an
important future direction. In large-scale networks, centralized control may become infea-
sible due to significant communication and computational overhead. Therefore, decentral-
ized policies that rely only on locally available information while maintaining good infor-
mation freshness performance represent a practical and challenging research problem. An-
other important direction is the extension to heterogeneous networks, where sources may
have different process dynamics, update generation rates, or reliability requirements. Such
settings introduce additional complexity into the scheduling problem and require the de-
velopment of new analytical frameworks. Extending periodic scheduling policies to more
general network topologies beyond tree networks, including networks with multiple com-
munication channels or lossy links, also remains an open problem. Furthermore, allocating
multiple transmission slots within a period to improve reliability is another interesting ex-
tension. Finally, practical implementation and testbed-based validation of the proposed
algorithms constitute an important future step, as real-world experiments will help evalu-
ate the feasibility, scalability, and robustness of the proposed policies in industrial IoT and

cyber-physical systems.
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